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Motivation (short)

Soundness for a logic for programs that 
can store commands, use dynamic 
memory allocation (heaps)

with “local reasoning rules” (w.r.t. heap).
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Recursion through Store

Not so easy to show soundness 
of typing or verification rules 
due to circularity.

[c] : dereference c

“Landin’s knot”
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P �R def
= (P ⌦R) ⇤R

{P} e {Q}⌦R , {P �R} e {Q �R}
(P ⌦R0)⌦R , P ⌦ (R0 �R)
(x.P )⌦R , x.(P ⌦R) (2 {8, 9}, x /2 fv(R))
(P �Q)⌦R , (P ⌦R)� (Q⌦R) (�2 {),^,_, ⇤})

P ⌦R , P (P is one of true, false, emp, e= e0, e 7! e0)

Figure 2. Axioms for distributing �⌦R

(terminates) for less heaps than e1. This is in line with the fact that we consider partial
correctness only.

One interesting aspect of our assertion language is that it includes Hoare triples {P} e {Q}
and invariant extensions P⌦Q; previous work [7, 5] does not treat them as assertions but as
so-called specifications, which form a di↵erent syntactic category. A consequence of having
these new constructs as assertions is that they allow us to study proof rules for exploiting
locality of stored code systematically, as we will describe shortly.

Intuitively, {P} e {Q}means that e denotes code satisfying {P} {Q}, and P⌦Q denotes
a modification of P where all the pre- and post-conditions of triples inside P are ⇤-extended
with Q. In other words, all code specified by pre- and postconditions inside P must preserve
invariant Q. For instance, the assertion (9k. (1 7! k)^{emp} k {emp})⌦(27!0) is equivalent
to (9k. (1 7! k)^{27!0} k {27!0}). This assertion says that cell 1 is the only cell in the heap
and it stores code k that satisfies the triple {2 7!0} {2 7!0}. This intuition about the ⌦
operator is made precise in the set of axioms in Figure 2, which let us distribute ⌦ through
the constructs of the assertion language.

Note that since triples are assertions, they can appear in pre- and post-conditions of
triples. This nested use of triples is useful in reasoning, because it allows one to specify
stored code behaviourally, in terms of properties that it satisfies. Typically, a program logic
consists of both an assertion logic and a specification logic (e.g. [24]). With the introduction
of nested triples, assertions and specifications necessarily become mutually recursive; for
simplicity, we have chosen to identify our specification and assertion logics and just work
with a single logic of assertions.

A second interesting aspect of our assertion language is that assertions include (n-
ary) relation variables X(~e), and that assertions can be defined recursively: the assertion
(µX(~x).P )(~e) binds X and ~x = x1 . . . xn in P and satisfies the axiom

(µX(~x).P )(~e) , P [X := µX(~x).P, ~x := ~e] . (2.1)

In the case where X has arity 0 we will simply write X in place of X().

Example 2 (Specification of the iterator via recursion through store). The previously given
command

Cit ,f,c ⌘ let n = [c] in
if n =0 then skip else ( eval [f ]; [c] :=n-1; eval [it] )

can be specified as follows, if we assume that the called procedure in f does preserve some
invariant I that does not access the counter and iterator cells c and it , respectively. For
instance, I could be emp (in case f has no side e↵ects) or 9m.x 7! m ⇤ y 7! n!/m! when
the factorial of n is computed in y. If x contains the content of the counter then, like with

assume this 
code is stored 

in cell it recursive call 
“through the 

store”

eval [f] : run code in f

3



Higher-order Store 
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with a commutative and monotone monoid structure, as needed for the interpretation of
separation logic.

Having deÞned semantic predicates in certain metric spaces allows us to interpret re-
cursively deÞned assertions via application of BanachÕs Þxed point theorem.

The Þnal core idea in the development is the interpretation of triples. Here we bake
in the frame rules to the model by including suitable quantiÞcations over future worlds,
following ideas from earlier work [5]. To ensure that nested triples are modelled as semantic
predicates, we also force the interpretation of triples to be metrically non-expansive in the
worlds argument. In particular, predicates involving nested triples can be used in recursive
deÞnitions of assertions.

4.2. Semantics of expressions and commands. The interpretation of the programming
language is given in the categoryCppo! of pointed cpos and strict continuous functions6

and is the same as in our previous work [5]. That is, commands denote strict continuous
functions JCK

⌘

! Heap ( Terr(Heap) where

Heap = Rec(Val ) Val = Integers ! + Com ! Com = Heap(Terr(Heap) (4.1)

In these equations,Terr(D ) = D + {error}! denotes the error monad, andRec(D ) denotes
records with entries from D and labelled by positive natural numbers. Formally, Rec(D ) =�P

N %finNats+(N ) D&)
�

! where (N ) D&) is the cpo of maps from the Þnite address setN to
the cpo D& = D ' {" } of non-bottom elements ofD . We use some evident record notation,
such as{|! 1= d1, . . . , ! n= dn |} for the record mapping label ! i to di , and dom(r ) for the set of
labels of a recordr . The disjointness predicate r # r " on records holds ifr and r " are not "
and have disjoint domains, and a partial combining operation r · r " is deÞned by

r · r " def
= if r # r " then r , r " else" .

6As usual, v denote the partial order of a cpo and ? denotes the least element of a pointed cpo, ie. ? v d

for any d.
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-logics for While

{P [e/x]}x:= e {P}
(Assignment)

{P}S1 {I} {I}S2 {Q}
{P}S1;S2 {Q} (Composition)

{B ⇧ P}T {Q} {¬B ⇧ P}E {Q}
{P}ifB thenT elseE {Q} (if-then-else)

{B ⇧ I}S {I}
{I}whileB doS od {I ⇧ ¬B} (while)

P ⇥ P � {P �}S {Q�} Q� ⇥ Q

{P}S {Q} (Weakening)

Leicester, December 2004 – p.6/22

Hoare Calculus
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Separation Logic
extra assertions

e ::= 0 | 1 | � 1 | . . . | e1 + e2 | . . . | x | ‘⇥x.C’ � ::= x | {e} | � | �1 ✏�2

C ::= [e1] := e2 | let y = [e] in C | eval [e](e) | let x = new e in C

| free e | skip | C1;C2 | if e1 = e2 then C1 else C2

P ::= True | False | P1 ⌘ P2 | P1 ⇣ P2 | P1 ⌥ P2 | �x.P | �x.P | e1 = e2 | e1 ⇧ e2

| e1 ↵⌃ e2 | emp | P1 � P2 | lseg(e1, e2,⌅) | tree(e1,⌅) | . . .

| {P} e(e) {Q} | P ⇤Q | �1 ⌅ �2 | (µk R1(x1), . . . , Rn(xn) . A1, . . . ,An)(e)

Fig. 4. Syntax of expressions, commands and assertions

lseg(x, y,⌅) � (x = y ⇣ ⌅ = � ⇣ emp)

⌘ (�nxt ,⌅� . x ↵⌃ , ,nxt � lseg(nxt , y,⌅�) ⇣ nxt ⌦= x ⇣ ⌅ = ⌅� ✏ {x})

lseg T (·)� (x, y,⌅) � lseg(x, y,⌅) ⇣ �a.a  ⌅ ⌥ (a ↵⌃ T (·) � True)

tree(t, ⇧) � treefork(t, ⇧) ⌘ (�n . t ↵⌃ 1, n ⇣ ⇧ = �)

where treefork(t, ⇧) is �codePtr , left , right , ⇧ �, ⇧ ��. ⇧ = {codePtr} ✏ ⇧ � ✏ ⇧ ��

⇣ t ↵⌃ 0, codePtr , left , right � tree(left , ⇧ �) � tree(right , ⇧ ��)

Fig. 5. Inductively defined predicates used to specify and prove our example program.

Intuitively invariant extension P ⇤Q denotes a modification of P where all the
pre- and post-conditions of triples inside P are ⇥-extended with Q. Inductively
defined predicates: Predicates describing the linked lists and trees we use are
available; their defining axioms are given in Fig. 5. The “. . . ” indicates that any
similar predicates can be added as required. lseg(x, y,⇥) denotes a linked list
segment from x to y, of nodes of three cells each, where ⇥ is the set of addresses
of the nodes. lseg<T (·)>(x, y,⇥) says additionally that the first value in each of
the segment’s nodes satisfies T , which is an assertion with an expression hole.
tree(t,⇥) denotes an expression tree rooted at t where the code pointers pointing
out of the tree point to the set of addresses ⇥. (Mututally) Recursively
defined assertions: Recursively defined assertions are the key to our work,
because they let us reason naturally about challenging patterns of execution,
such as self-updating code and recursion through the store, without needing
the kind of specialised rules used in [4]. When using the (mutual) recursion
operator µ, one cannot just choose any formula P and write µRk(x).P1, . . . , Pk

as existence of solutions is not automatic. We write A for an allowed formula,
i.e. one that is of an appropriate form to ensure the existence of a solution;
recursion variables Ri are only allowed to appear inside such an A . Note that
(just to save space) we avoid introducing a syntactic category for predicates so
(µRk(x).P1, . . . , Pk)(e) is a formula but µRk(x).P1, . . . , Pk is not a syntactically
correct construct. Throughout the paper we will, however, for the sake of brevity,
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because they let us reason naturally about challenging patterns of execution,
such as self-updating code and recursion through the store, without needing
the kind of specialised rules used in [4]. When using the (mutual) recursion
operator µ, one cannot just choose any formula P and write µRk(x).P1, . . . , Pk
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e2
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the kind of specialised rules used in [4]. When using the (mutual) recursion
operator µ, one cannot just choose any formula P and write µRk (x ).P1, . . . , Pk

as existence of solutions is not automatic. We write A for an allowed formula,
i.e. one that is of an appropriate form to ensure the existence of a solution;
recursion variables Ri are only allowed to appear inside such an A . Note that
(just to save space) we avoid introducing a syntactic category for predicates so
(µRk (x ).P1, . . . , Pk )(e) is a formula but µRk (x ).P1, . . . , Pk is not a syntactically
correct construct. Throughout the paper we will, however, for the sake of brevity,
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heaplet can be divided 
into separate heaplets 
(no aliasing) such that 
one part fulfils P1 and 

the other P2

P P

Future work includes lifting the results in this paper to Pottier’s type-and-
capability system as well as extending our soundness results to generalized ver-
sions of the anti-frame and frame rules where invariants evolve in more sophis-
ticated ways over time [16,17].
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rules and it is known that already for second-order frame rules, the conjunction rule is not
sound without some restrictions on the predicates involved [14]. We donÕt know whether it
is possible to develop a parametric model in which the conjunction rule is sound.

Future work further includes developing a parametric model for the higher-order version
of separation logic with explicit quantiÞcation over internal resource invariants. Finally, we
hope that ideas similar to those presented here can be used to develop parametric models
for other recent approaches to mutable abstract data types (e.g., [2]).
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[10] I. Mijajlović, N. Torp-Smith, and P. O’Hearn. Refinement and separation context. In Proc. of

FSTTCS’04, pages 421–433, Chennai, India, 2004.
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Separation Logic

allows for local reasoning on heaps via 
Frame Axiom

that says that if a command does not fault 
with given heap “P”, then neither will it fail, 
given some extra heap “R”:

14 SCHWINGHAMMER ET AL.

⌦-Frame
⌅;� ` P

⌅;� ` P ⌦R

⇤-Frame

⌅;� ` {P } e {Q} ) {P ⇤R} e {Q ⇤R}

Eval
⌅;�, k ` R[k] ) {P ⇤ e 7!R[ ]} k {Q}

⌅;� ` {P ⇤ e 7!R[ ]} ‘eval [e]’ {Q}

Figure 6. Proof rules specific to higher-order store

Note that on the derivation below � contains the variables !y which may appear freely in P
and Q.

⌅;�, k ` (8!y. {P �R} k {Q �R}) ) {P �R} k {Q �R}

⌅;�, k ` S[k] ) { (P ⌦R) ⇤ e 7! S[ ] ⇤ (P0 ⌦R)} k {Q �R}

⌅;� ` { (P ⌦R) ⇤ e 7! S[ ] ⇤ (P0 ⌦R)} ‘eval [e]’ {Q �R}
Eval

⌅;� ` {P �R} ‘eval [e]’ {Q �R}
Conseqb

Conseqa

FOL

In the derivation tree above, the axiom used at the top is simply a first-order axiom for
8 elimination. The quantified variables !y are substituted by the variables with the same
name from the context. After an application of rule (EvalRec), those variables !y can
then be substituted further. In step Conseqa we actually use transitivity of ) using
implication {P �R} k {Q �R} ) { (P ⌦R) ⇤ e 7! S[ ] ⇤ (P0 ⌦R)} k {Q �R} obtained by the
consequence rule from implication (i): (P ⌦R) ⇤ e 7! S[ ] ⇤ (P0⌦R) ) P �R obtained with
the help of (3.5) and distribution axioms for ⌦. Step Conseqb then applies the consequence
rule using the converse direction of (i).

The use of recursive specification R = µX.(e 7! 8!y. {P } {Q} ⇤P0)⌦X is essential here
as it allows us to unroll the definition so that the (Eval) rule can be applied. Note that
in the logic of [12], which also uses nested triples but features neither a specification logic
nor expresses any frame rules or axioms, such recursive specifications are avoided. This is
possible under the assumption that code does not change during recursion. One can then
express the recursive R above as follows (we can omit the P0 now, as this is only needed
for mutually recursively defined triples):

e 7! { e 7! k ⇤ P } k { e 7! k ⇤Q} .

The question however remains how the assertion can be proved for some concrete ‘C’ that is
stored in [e]. In loc.cit. this is done by an induction on some appropriate argument, which
is possible since [12] considers total correctness only. Note that our (OldEval) can be
viewed as a fixpoint induction rule for proving such specifications, if one quantifies away
the concrete appearances of ‘C’. In any case, our new (Eval) is obviously elegant to use,
and it not only allows for recursion through the store but also disentangles the reasoning
from the concrete code stored in the heap.

Figure 6 summarizes a particular choice of proof-rule set from the current and previous
subsections. Soundness is proved in Section 4.

3.5. Nested triples and classical assertion logic. One may wonder why we insist on
an intuitionistic program logic. Unfortunately, as the following proposition shows, it is not
possible to use a classical version of our logic; more precisely, the combination of a classical
specification logic and rule (⌦-Frame) is not sound. Thus, by our identification of assertion
and specification language, we cannot have a classical assertion logic either.

means program semantics can’t 
depend on non-allocated addresses
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Nested triples

University of Sussex 5.12.2011
Databases Peer Review Exercise

Answer by Candidate No.

Corrected by Candidate No.

Design an Entity-Relationship-Diagram in Chen notation (including attributes,
in particular key attributes, and participation & cardinality constraints) for the
following speciÞcation of a data model for a hotel:

”Our rooms have a number, information about bathroom facilities (en-suite,

toilet, shower, without facilities), a size which specifies how many people can

sleep there at most, and the basic rate per night. The latter does not consider

any promotional discounts or whether the room is used by one or several peo-

ple. We usually have varying rules that determine the rate per room according

to basic rate, facilities, size, number of occupants, and season. Customers can

make bookings with us. Bookings contain a unique booking reference number,

a credit card number and card type (eg mastercard). For customers we keep

the name (first and last name), an address consisting of town, post code, house

number and street name, one or several telephone numbers and a customer

number for identification purposes. On a regular basis we update information

about “room occupation”, ie we keep data about which room will be occupied

which day (or days) according to which booking.”

P ⇥R adds invariant to all nested triples inP

P ⇤R := P ⇥R �R

x ⌃⇧ ⌥a. {a ⌃⇧ } · (a){emp}

(x ⌃⇧ ⌥a. {a ⌃⇧ } · (a){emp}) ⇥ v ⌃⇧ ⌅ x ⌃⇧ {a ⌃⇧ � v ⌃⇧ } · (a){v ⌃⇧ }

University of Sussex 5.12.2011

Databases Peer Review Exercise

Answer by Candidate No.

Corrected by Candidate No.

Design an Entity-Relationship-Diagram in Chen notation (including attributes,

in particular key attributes, and participation & cardinality constraints) for the

following specification of a data model for a hotel:

”Our rooms have a number, information about bathroom facilities (en-suite,

toilet, shower, without facilities), a size which specifies how many people can

sleep there at most, and the basic rate per night. The latter does not consider

any promotional discounts or whether the room is used by one or several peo-

ple. We usually have varying rules that determine the rate per room according

to basic rate, facilities, size, number of occupants, and season. Customers can

make bookings with us. Bookings contain a unique booking reference number,

a credit card number and card type (eg mastercard). For customers we keep

the name (first and last name), an address consisting of town, post code, house

number and street name, one or several telephone numbers and a customer

number for identification purposes. On a regular basis we update information

about “room occupation”, ie we keep data about which room will be occupied

which day (or days) according to which booking.”

P ⇥R adds invariant to all nested triples in P

P ⇤R := P ⇥R �R

x ⌃⇧ ⌥a. {a ⌃⇧ } · (a){emp}

Cell x contains a unary procedure with

formal parameter a that deallocates a.

(x ⌃⇧ ⌥a. {a ⌃⇧ } · (a){emp}) ⇥ v ⌃⇧ ⌅ x ⌃⇧ {a ⌃⇧ � v ⌃⇧ } · (a){v ⌃⇧ }

[Nested Hoare Triples and 
Frame Rules for Higher-order 
Stores, 
 Schwinghammer, Birkedal, Reus, 
Yang, LMCS 7(3)]

Note: 
no need to specify that the rest of the heap

remains unchanged. 
This will be done by the Frame Axiom.
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Spec for Iterator

NESTED HOARE TRIPLES AND FRAME RULES FOR HIGHER-ORDER STORE 5

a while loop, upon termination y contains the expected result. In the following, to keep the
triples simple, we assume that I = emp.

{c 7! ⇤ f 7!{emp} {emp} ⇤Rit} ‘Cit ,f,c’ {c 7!0 ⇤ f 7!{emp} {emp} ⇤Rit} .

Here, we use the abbreviation e 7!{P} {Q} for (9k. (e 7! k) ^ {P} k {Q}), and Rit is a
recursive specification for the iterator itself:

Rit ⌘ µX. it 7!{c 7! ⇤ f 7!{emp} {emp} ⇤X} {c 7!0 ⇤ f 7!{emp} {emp} ⇤X} .

Consequently, heap it 7! ‘Cit ,f,c’ is in Rit and thus one can prove (see Example 5) that

{ c 7! ⇤ f 7!{emp} {emp} ⇤ it 7! }
[it ]:= ‘C it ,f,c’; eval [ it ]
{ c 7!0 ⇤ f 7!{emp} {emp} ⇤Rit} .

The specification for the iterator in it is recursive since the iterator calls itself through the
store and any recursive call through the store requires the same specification as the original
call. Assuming that procedure f has no side e! ect, we guarantee that the iterator will have
no other side e! ect than setting the counter to 0. The iterator specification also works with
more sophisticated behaviour of f : in Example 4 below we will discuss how to deal with
situations where f has side e! ects on some heap space (but preserves an invariant I). It
will turn out that we can generalise from invariant emp to I without even having to reprove
the original side-e! ect free specification given here, using the so-called deep frame rule.

Analogously to the definition of equi-recursive types in typed lambda calculi, for the
assertion (µX(~x).P )(~e) to be well-formed we require that P is (formally) contractive in
X [18]. This means that X can occur in P only in subterms of the form {P 0} e {Q0} or
P 00 ⌦ R0 where P 00 is formally contractive in X. (We omit the straightforward inductive
definition of formal contractiveness.) Semantically, this requirement ensures that µX(~x).P
is well-defined as a unique fixed point. Note that in particular all assertions of the form
P ⌦X and {P 0 ⇤X} e {Q0 ⇤X} are formally contractive in X, provided X does not appear
in P . Thus, µX.P ⌦X, and µX.it 7!{P ⇤X} e {Q ⇤X} are well-formed (in particular, Rit

above). Let R abbreviate the latter assertion then with the help of Axiom 2.1 and the
distribution axioms of Figure 2 one can show that R is equivalent to it 7!{P ⇤R} e {Q ⇤R}
which in turn is equivalent to it 7!{P ⇤ it 7!{P ⇤R} e {Q ⇤R}} e {Q ⇤ it 7!{P ⇤R} e {Q ⇤R}}
and one can keep unfolding R as many times as one wishes. A successful invocation of the
code in it thus requires a heap satisfying P as well as containing it again pointing to code
that satisfies the very same specification. It is this potentially infinite unfolding that frees
one from having to prove triples by various forms of induction on the number of recursive
calls as in [12, 5].

More generally, in order to deal with mutually recursive stored procedures we may
need to compute fixpoints of mutually recursively defined assertions. For brevity we omit
formal syntax for mutual recursion. We will say more about the use of recursively defined
predicates and their existence in Sections 3 and 4. In particular, the semantics in Section 4
can be used to interpret mutually recursive families of assertions.

Finally, note that we have not included an axiom for distributing ⌦ through a recursive
type in Figure 2. In particular, the axiom (µX.P ) ⌦ R , µX.(P ⌦ R) does not hold in
the presence of nested triples. Instead, one has to use the axiom µX.P , P [X := µX.P ]
and unfold the recursive type to exhibit a “proper” connective through which ⌦R can be
distributed.
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on the code in 2 meeting the speciÞcationP1. Using the above derivation, we can now
construct a program that is provably safe but crashes, showing that (DeepFrameAxiom )
cannot be correct (as the other used rules and axioms clearly are). First, with the rule
version for � (DeepFrameRule ) to add R one gets

{ 1 7! ⇤2 7! { false} { false} ⇤ c 7! { 2 7!P1[ ] � R} { 2 7!P1[ ] � R} ⇤R }
Ôeval [c]Õ
{ 1 7! ⇤2 7! ⇤ c 7! ⇤R }

so that by deÞnition of �, P1, and R we obtain

{ 1 7! ⇤2 7! { false} { false} ⇤ c 7! { 2 7!P[ ] ⇤R} { 2 7!P[ ] ⇤R} ⇤R }
Ôeval [c]Õ
{ 1 7! ⇤2 7! ⇤ c 7! ⇤R }

where P[y] is the assertion{ 17! } y { 17! } ⌦R (which is also used in the proof of Propo-
sition 3.1). From that one can easily derive with the rules(Seq) , (Eval) and (Conseq)
that

{ 1 7! ⇤2 7! { false} { false} ⇤ c 7! { 2 7!P[ ] ⇤R} { 2 7!P[ ] ⇤R} ⇤R}
Ôeval [c];eval [3]Õ
{ 1 7! ⇤2 7! ⇤ c 7! ⇤R } .

Yet, if c 7! Ôlet x=[2] in [3]:=xÕ and 27! Ôfree(-1) Õ, then the above program crashes.
Although the code in c does not call the crashing code Ôfree(-1) Õ in 2, it copies Ôfree(-1) Õ
into 3, which is possible due to the ÒlaunderedÓ speciÞcation of 2 in the triple forc.

Again, this shows how essential it is thatP1[ ] ⌦ R is equivalent to R which forcesR
to be recursively deÞned to actually allow the copying to be performed. This version of the
counterexample uses the (DeepFrameRule ) rather than ( ModusPon ) and (⌦-Mono ),
and its pattern is more likely to appear in Ònaturally occurringÓ examples.

As Proposition 3.1 shows, we cannot include (DeepFrameAxiom ) in the proof system.
Fortunately, the second best choice of frame axioms leads to a consistent proof system:

Proposition 3.2. Both the inference rule version of the frame rule for� and the axiom
version for ⇤ are sound. In fact, the following more general version (⌦-Frame ) of the rule
for � holds:

⌅;� ` P

⌅;� ` P ⌦ R

We will prove this proposition in Section 4 by a model construction.

Example 4 (Application of ( ⌦-Frame )) . Recall our speciÞcation

{ c 7! ⇤ f 7!{ emp} { emp} ⇤ Rit } ÔCit ,f,c Õ{ c 7!0 ⇤ f 7!{ emp} { emp} ⇤ Rit } (3.4)

of the iteration command in Example 2, whereRit is a recursive speciÞcation for the iterator
itself:

Rit ⌘ µX. it 7! { c 7! ⇤ f 7!{ emp} { emp} ⇤ X } { c 7!0 ⇤ f 7!{ emp} { emp} ⇤ X }

Assume this triple has been already proven (cf. Example 5 below). If the codeCit ,f,c is to
be used on a proceduref that needs some stateI , e.g. I ⌘ a7! , then we need to show

{ c 7! ⇤ f 7!{ I } { I } ⇤ Rit ⌦ I ⇤ I } ÔCit ,f,c Õ{ c 7!0 ⇤ f 7!{ I } { I } ⇤ Rit ⌦ I ⇤ I }
nested triples 
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on the code in 2 meeting the specification P1. Using the above derivation, we can now
construct a program that is provably safe but crashes, showing that (DeepFrameAxiom)
cannot be correct (as the other used rules and axioms clearly are). First, with the rule
version for � (DeepFrameRule) to add R one gets

{ 1 7! ⇤ 2 7! {false} {false} ⇤ c 7! {2 7!P1[ ] �R} {2 7!P1[ ] �R} ⇤R }
‘eval [c]’
{ 1 7! ⇤ 2 7! ⇤ c 7! ⇤R }

so that by definition of �, P1, and R we obtain

{ 1 7! ⇤ 2 7! {false} {false} ⇤ c 7! {2 7!P [ ] ⇤R} {2 7!P [ ] ⇤R} ⇤R }
‘eval [c]’
{ 1 7! ⇤ 2 7! ⇤ c 7! ⇤R }

where P [y] is the assertion {17! } y {17! }⌦R (which is also used in the proof of Propo-
sition 3.1). From that one can easily derive with the rules (Seq), (Eval) and (Conseq)
that

{1 7! ⇤ 2 7! {false} {false} ⇤ c 7! {2 7!P [ ] ⇤R} {2 7!P [ ] ⇤R} ⇤R}
‘eval [c];eval [3]’
{1 7! ⇤ 2 7! ⇤ c 7! ⇤R } .

Yet, if c 7! ‘let x=[2] in [3]:=x’ and 2 7! ‘free(-1)’, then the above program crashes.
Although the code in c does not call the crashing code ‘free(-1)’ in 2, it copies ‘free(-1)’
into 3, which is possible due to the “laundered” specification of 2 in the triple for c.

Again, this shows how essential it is that P1[ ] ⌦ R is equivalent to R which forces R
to be recursively defined to actually allow the copying to be performed. This version of the
counterexample uses the (DeepFrameRule) rather than (ModusPon) and (⌦-Mono),
and its pattern is more likely to appear in “naturally occurring” examples.

As Proposition 3.1 shows, we cannot include (DeepFrameAxiom) in the proof system.
Fortunately, the second best choice of frame axioms leads to a consistent proof system:

Proposition 3.2. Both the inference rule version of the frame rule for� and the axiom
version for ⇤ are sound. In fact, the following more general version (⌦-Frame) of the rule
for � holds:

⌅;� ` P

⌅;� ` P ⌦R

We will prove this proposition in Section 4 by a model construction.

Example 4 (Application of (⌦-Frame)). Recall our specification

{c 7! ⇤ f 7!{emp} {emp} ⇤Rit} ‘Cit ,f,c’ {c 7!0 ⇤ f 7!{emp} {emp} ⇤Rit} (3.4)

of the iteration command in Example 2, where Rit is a recursive specification for the iterator
itself:

Rit ⌘ µX. it 7!{c 7! ⇤ f 7!{emp} {emp} ⇤X} {c 7!0 ⇤ f 7!{emp} {emp} ⇤X}
Assume this triple has been already proven (cf. Example 5 below). If the code Cit ,f,c is to
be used on a procedure f that needs some state I, e.g. I ⌘ a 7! , then we need to show

{c 7! ⇤ f 7!{I} {I} ⇤Rit ⌦ I ⇤ I}‘Cit ,f,c’{c 7!0 ⇤ f 7!{I} {I} ⇤Rit ⌦ I ⇤ I}
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on the code in 2 meeting the speciÞcationP1. Using the above derivation, we can now
construct a program that is provably safe but crashes, showing that (DeepFrameAxiom )
cannot be correct (as the other used rules and axioms clearly are). First, with the rule
version for ! (DeepFrameRule ) to add R one gets

{ 1"# $2"# { false} { false} $c"# { 2"#P1[ ] ! R} { 2"#P1[ ] ! R} $R }
Ôeval [c]Õ
{ 1"# $2"# $c"# $R }

so that by deÞnition of ! , P1, and R we obtain

{ 1"# $2"# { false} { false} $c"# { 2"#P[ ] $R} { 2"#P[ ] $R} $R }
Ôeval [c]Õ
{ 1"# $2"# $c"# $R }

where P[y] is the assertion{ 1"# } y { 1"# } %R (which is also used in the proof of Propo-
sition 3.1). From that one can easily derive with the rules(Seq) , (Eval) and (Conseq)
that

{ 1"# $2"# { false} { false} $c"# { 2"#P[ ] $R} { 2"#P[ ] $R} $R}
Ôeval [c];eval [3]Õ
{ 1"# $2"# $c"# $R } .

Yet, if c "# Ôlet x=[2] in [3]:=xÕ and 2"# Ôfree(-1) Õ, then the above program crashes.
Although the code in c does not call the crashing code Ôfree(-1) Õ in 2, it copies Ôfree(-1) Õ
into 3, which is possible due to the ÒlaunderedÓ speciÞcation of 2 in the triple forc.

Again, this shows how essential it is thatP1[ ] %R is equivalent to R which forcesR
to be recursively deÞned to actually allow the copying to be performed. This version of the
counterexample uses the (DeepFrameRule ) rather than ( ModusPon ) and (%-Mono ),
and its pattern is more likely to appear in Ònaturally occurringÓ examples.

As Proposition 3.1 shows, we cannot include (DeepFrameAxiom ) in the proof system.
Fortunately, the second best choice of frame axioms leads to a consistent proof system:

Proposition 3.2. Both the inference rule version of the frame rule for! and the axiom
version for $ are sound. In fact, the following more general version (%-Frame ) of the rule
for ! holds:

⌅;� & P

⌅;� & P %R

We will prove this proposition in Section 4 by a model construction.

Example 4 (Application of ( %-Frame )) . Recall our speciÞcation

{ c"# $ f "#{ emp} { emp} $ Rit } ÔCit ,f,cÕ{ c"#0 $ f "#{ emp} { emp} $ Rit } (3.4)

of the iteration command in Example 2, whereRit is a recursive speciÞcation for the iterator
itself:

Rit ' µX. it "# { c"# $ f "#{ emp} { emp} $ X } { c"#0 $ f "#{ emp} { emp} $ X }

Assume this triple has been already proven (cf. Example 5 below). If the codeCit ,f,c is to
be used on a proceduref that needs some stateI , e.g. I ' a"# , then we need to show

{ c"# $ f "#{ I } { I } $ Rit %I $ I } ÔCit ,f,cÕ{ c"#0 $ f "#{ I } { I } $ Rit %I $ I }
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on the code in 2 meeting the speciÞcationP1. Using the above derivation, we can now
construct a program that is provably safe but crashes, showing that (DeepFrameAxiom )
cannot be correct (as the other used rules and axioms clearly are). First, with the rule
version for � (DeepFrameRule ) to add R one gets

{1 7! ⇤2 7! {false} {false} ⇤ c 7! {2 7!P1[ ] � R} {2 7!P1[ ] � R} ⇤R }
Ôeval [c]Õ
{1 7! ⇤2 7! ⇤ c 7! ⇤R }

so that by deÞnition of �, P1, and R we obtain

{1 7! ⇤2 7! {false} {false} ⇤ c 7! {2 7!P[ ] ⇤R} {2 7!P[ ] ⇤R} ⇤R }
Ôeval [c]Õ
{1 7! ⇤2 7! ⇤ c 7! ⇤R }

where P[y] is the assertion{17! } y {17! }⌦R (which is also used in the proof of Propo-
sition 3.1). From that one can easily derive with the rules(Seq) , (Eval) and (Conseq)
that

{1 7! ⇤2 7! {false} {false} ⇤ c 7! {2 7!P[ ] ⇤R} {2 7!P[ ] ⇤R} ⇤R}
Ôeval [c];eval [3]Õ
{1 7! ⇤2 7! ⇤ c 7! ⇤R } .

Yet, if c 7! Ôlet x=[2] in [3]:=xÕ and 27! Ôfree(-1)Õ, then the above program crashes.
Although the code in c does not call the crashing code Ôfree(-1)Õ in 2, it copies Ôfree(-1)Õ
into 3, which is possible due to the ÒlaunderedÓ speciÞcation of 2 in the triple forc.

Again, this shows how essential it is thatP1[ ] ⌦ R is equivalent to R which forcesR
to be recursively deÞned to actually allow the copying to be performed. This version of the
counterexample uses the (DeepFrameRule ) rather than ( ModusPon ) and (⌦-Mono ),
and its pattern is more likely to appear in Ònaturally occurringÓ examples.

As Proposition 3.1 shows, we cannot include (DeepFrameAxiom ) in the proof system.
Fortunately, the second best choice of frame axioms leads to a consistent proof system:

Proposition 3.2. Both the inference rule version of the frame rule for � and the axiom
version for ⇤ are sound. In fact, the following more general version (⌦-Frame ) of the rule
for � holds:

⌅;� ` P

⌅;� ` P ⌦ R

We will prove this proposition in Section 4 by a model construction.

Example 4 (Application of ( ⌦-Frame )) . Recall our speciÞcation

{c 7! ⇤ f 7!{emp} {emp} ⇤ Rit}ÔCit ,f,cÕ{c 7!0 ⇤ f 7!{emp} {emp} ⇤ Rit} (3.4)

of the iteration command in Example 2, whereRit is a recursive speciÞcation for the iterator
itself:

Rit ⌘ µX. it 7!{c 7! ⇤ f 7!{emp} {emp} ⇤ X } {c 7!0 ⇤ f 7!{emp} {emp} ⇤ X }
Assume this triple has been already proven (cf. Example 5 below). If the codeCit ,f,c is to
be used on a proceduref that needs some stateI , e.g. I ⌘ a7! , then we need to show

{c 7! ⇤ f 7!{I } {I } ⇤ Rit ⌦ I ⇤ I }ÔCit ,f,cÕ{c 7!0 ⇤ f 7!{I } {I } ⇤ Rit ⌦ I ⇤ I }

recursive heap predicate definitions must be contractive

[it] “maintains itself”

saying f does not have any effects on heap

10



Challenges

recursively defined specifications need 
exist (semantically)

need to express local reasoning w.r.t 
heaps, i.e. various frame rules must be 
validated (invariants preserved):

11



Invariants in Sep.Logic 

2 J. SCHWINGHAMMER, L.BIRKEDAL, F. POTTIER, B.REUS, K. STØVRING, AND H.YANG

It is worth emphasizing that hiding and abstraction (as studied, for instance, in
separation logic [5, 16, 19, 20]) are distinct mechanisms, which may co-exist within a
single program logic. In recent program logics, abstraction is often implemented in
terms of assertion variables (called abstract predicates by Parkinson) that describe
the private data structures of an object. These variables are exposed to a client, but
their definitions are not, so that the object’s internals are presented to the client
in an abstract form. Hiding, on the other hand, conceals the object’s internals
completely.

In its simplest form, the frame rule [29] states that invariants R can be added to
valid triples: if{P}C{Q} is valid, then so is{P ∗R}C{Q ∗R}, where the separating
conjunction P ∗ R indicates that P and R govern disjoint regions of the heap. In
subsequent developments, the rule was extended to handle higher-order procedures
[10, 18] and higher-order store [7, 30]. Moreover, it was argued that both extensions
of the rule support information hiding: they allow one to hide the invariant of a
module and to prove properties of clients, as long as the module is understood in
continuation-passing style [18].

Thorough semantic analyses were required to determine the conditions under
which these extensions of the frame rule are sound. Indeed, the soundness of these
rules raises subtle issues. For instance, the frame rule for higher-order procedures
turns out to be inconsistent with the conjunction rule, a standard rule of Hoare logic
[10, 18]. Furthermore, seemingly innocent variants of the frame rule for higher-order
store have been shown unsound [26, 30].

In the most recent development in this line of research, Pottier [24] proposed an
anti-frame rule, which expresses the information hiding aspect of an object directly,
instead of in continuation-passing style. Besides giving several extensive examples
of how the anti-frame rule supports hidden state, Pottier argued that the anti-frame
rule is sound by sketching a plausible syntactic argument. This argument, however,
relied on several non-trivial assumptions about the existence of certain recursively
defined types and recursively defined operations over types. In the present paper
we justify these assumptions and give a complete soundness proof of Pottier’s anti-
frame rule.

1.2. This paper. This article is an extended version of results that were presented
in two papers at the FOSSACS 2010 and FOSSACS 2011 conferences [31, 32].

In the first of these papers we presented our results on a semantic foundation
for the anti-frame rule in the context of a simple while language with higher-order
store, using a denotational semantics of the programming language. In the second
paper we gave an alternative approach to constructing a model for the anti-frame
rule and presented our results in the context of Charguéraud and Pottier’s calculus
of capabilities [11] that not only features higher-order store but also higher-order
functions. In this latter paper we based the model on an operational semantics of
the programming language, using the discovery that the metric approach to solving
recursive possible world equations works both for denotationally- and operationally-
based models [6].

In the present paper we describe our results in the context of the calculus of
capabilities, using operational semantics. We detail both the original approach to
constructing a model of the anti-frame rule from the FOSSACS 2010 paper (but
adapted to operational semantics and step-indexing) and the alternative approach
from the 2011 paper. We have chosen to use the capability calculus setup since
Pottier has already shown how to reason about a range of applications with the
anti-frame rule in this system [24]. Moreover, Pottier has also proposed generalized
versions of the frame and anti-frame rules [25] for capabilities, and we show that
our approach extends to these generalizations.
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Databases Peer Review Exercise

Answer by Candidate No.

Corrected by Candidate No.

Design an Entity-Relationship-Diagram in Chen notation (including attributes,

in particular key attributes, and participation & cardinality constraints) for the

following specification of a data model for a hotel:

”Our rooms have a number, information about bathroom facilities (en-suite,

toilet, shower, without facilities), a size which specifies how many people can

sleep there at most, and the basic rate per night. The latter does not consider

any promotional discounts or whether the room is used by one or several peo-

ple. We usually have varying rules that determine the rate per room according

to basic rate, facilities, size, number of occupants, and season. Customers can

make bookings with us. Bookings contain a unique booking reference number,

a credit card number and card type (eg mastercard). For customers we keep

the name (first and last name), an address consisting of town, post code, house

number and street name, one or several telephone numbers and a customer

number for identification purposes. On a regular basis we update information

about “room occupation”, ie we keep data about which room will be occupied

which day (or days) according to which booking.”

P ⇥R adds invariant to all nested triples in P

P ⇤R := P ⇥R �R

(x ⌃⇧ ⌥a. {a ⌃⇧ } · (a){emp}) ⇥ v ⌃⇧ ⌅ x ⌃⇧ {a ⌃⇧ � v ⌃⇧ } · (a){v ⌃⇧ }
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Databases Peer Review Exercise

Answer by Candidate No.

Corrected by Candidate No.

Design an Entity-Relationship-Diagram in Chen notation (including attributes,
in particular key attributes, and participation & cardinality constraints) for the
following speciÞcation of a data model for a hotel:

ÓOur rooms have a number, information about bathroom facilities (en-suite,
toilet, shower, without facilities), a size which speciÞes how many people can
sleep there at most, and the basic rate per night. The latter does not consider
any promotional discounts or whether the room is used by one or several peo-
ple. We usually have varying rules that determine the rate per room according
to basic rate, facilities, size, number of occupants, and season. Customers can
make bookings with us. Bookings contain a unique booking reference number,
a credit card number and card type (eg mastercard). For customers we keep
the name (Þrst and last name), an address consisting of town, post code, house
number and street name, one or several telephone numbers and a customer
number for identiÞcation purposes. On a regular basis we update information
about Òroom occupationÓ, ie we keep data about which room will be occupied
which day (or days) according to which booking.Ó

P ! R adds invariant to all nested triples in P

P " R := P ! R # R

(x $% &a. { a$%} á(a){ emp} ) ! v$% ' x $%{ a$%# v$%} á(a){ v$%}
4 J. SCHWINGHAMMER, L. BIRKEDAL, B. REUS, AND H. YANG

P ! R
def
= ( P " R) # R

{ P} e{ Q} " R $ { P ! R} e{ Q ! R}
(P " R!) " R $ P " (R! ! R)

(! x.P ) " R $ ! x.(P " R) ( ! %{ &, ' } , x /%fv(R))
(P ( Q) " R $ (P " R) ( (Q " R) (( % { ) , * , +, #} )

P " R $ P (P is one oftrue, false, emp, e= e!, e,- e!)

Figure 2. Axioms for distributing . " R

(terminates) for less heaps thane1. This is in line with the fact that we consider partial
correctness only.

One interesting aspect of our assertion language is that it includes Hoare triples{ P} e{ Q}
and invariant extensionsP " Q; previous work [7, 5] does not treat them as assertions but as
so-calledspeciÞcations, which form a di! erent syntactic category. A consequence of having
these new constructs as assertions is that they allow us to study proof rules for exploiting
locality of stored code systematically, as we will describeshortly.

Intuitively, { P} e{ Q} means thate denotes code satisfying{ P} { Q} , and P" Q denotes
a modiÞcation ofP where all the pre- and post-conditions of triples insideP are #-extended
with Q. In other words, all code speciÞed by pre- and postconditions insideP must preserve
invariant Q. For instance, the assertion (' k. (1 ,- k) * { emp} k { emp}) " (2,- 0) is equivalent
to ( ' k. (1 ,- k) * { 2,- 0} k { 2,- 0} ). This assertion says that cell 1 is the only cell in the heap
and it stores codek that satisÞes the triple { 2,- 0} { 2,- 0} . This intuition about the "
operator is made precise in the set of axioms in Figure 2, which let us distribute " through
the constructs of the assertion language.

Note that since triples are assertions, they can appear in pre- and post-conditions of
triples. This nested use of triples is useful in reasoning, because it allows one to specify
stored code behaviourally, in terms of properties that it satisÞes. Typically, a program logic
consists of both an assertion logic and a speciÞcation logic(e.g. [24]). With the introduction
of nested triples, assertions and speciÞcations necessarily become mutually recursive; for
simplicity, we have chosen to identify our speciÞcation andassertion logics and just work
with a single logic of assertions.

A second interesting aspect of our assertion language is that assertions include (n-
ary) relation variables X ("e), and that assertions can be deÞned recursively: the assertion
(µX ("x).P)("e) binds X and "x = x1 . . . xn in P and satisÞes the axiom

(µX ("x).P)("e) $ P[X := µX ("x).P, "x := "e] . (2.1)

In the case whereX has arity 0 we will simply write X in place of X ().

Example 2.2 (SpeciÞcation of the iterator via recursion through thestore). The previously
given command

Cit ,f,c / let n =[c] in
if n =0 then skip else ( eval [f ]; [c] := n-1; eval [it ] )

can be speciÞed as follows, if we assume that the called procedure in f does preserve some
invariant I that does not access the counter and iterator cellsc and it , respectively. For
instance, I could be emp (in case f has no side e! ects) or ' m. x ,- m # y ,- n!/m ! when
the factorial of n is computed in y. If x contains the content of the counter then, like with
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so that by deÞnition of ! , P1, and R we obtain

{ 1"# $2"# { false} { false} $c"# { 2"#P[ ] $R} { 2"#P[ ] $R} $R }
Ôeval [c]Õ
{ 1"# $2"# $c"# $R }

where P[y] is the assertion{ 1"# } y { 1"# } %R (also used in the proof of Proposition 3.1).
From that one can easily derive with the rules(Seq) , (Eval) and (Conseq) that

{ 1"# $2"# { false} { false} $c"# { 2"#P[ ] $R} { 2"#P[ ] $R} $R}
Ôeval [c];eval [3]Õ
{ 1"# $2"# $c"# $R } .

Yet, if c "# Ôlet x=[2] in [3]:=xÕ and 2"# Ôfree(-1) Õ, then the above program crashes.
Although the code in c does not call the crashing code Ôfree(-1) Õ in 2, it copies Ôfree(-1) Õ
into 3, which is possible due to the ÒlaunderedÓ speciÞcation of 2 in the triple for c.

Again, this shows how essential it is that P1[ ] % R is equivalent to R which forcesR
to be recursively deÞned to actually allow the copying to be performed. This version of
the counterexample uses the (DeepFrameRule ) rather than ( ModusPonens ) and (%-
Mono ), and its pattern is more likely to appear in Ònaturally occurringÓ examples.

As Proposition 3.1 shows, we cannot include (DeepFrameAxiom ) in the proof system.
Fortunately, the second best choice of frame axioms leads toa consistent proof system:

Proposition 3.2. Both the inference rule version of the frame rule for! and the axiom
version for $ are sound. In fact, the following more general version (%-Frame ) of the rule
for ! holds:

! ; " & P

! ; " & P %R

We will prove this proposition in Section 4 by a model construction.

Example 3.2 (Application of ( %-Frame )) . Recall our speciÞcation

{ c"# $ f "#{ emp} { emp} $ Rit } ÔCit ,f,c Õ{ c"#0 $ f "#{ emp} { emp} $ Rit } (3.6)

of the iteration command in Example 2.2, whereRit is a recursive speciÞcation for the
iterator itself:

Rit ' µX. it "# { c"# $ f "#{ emp} { emp} $ X } { c"#0 $ f "#{ emp} { emp} $ X }

Assume this triple has been already proven (cf. Example 3.3 below). If the code Cit ,f,c is
to be used on a proceduref that needs some stateI , e.g. I ' a"# , then we need to show

{ c"# $ f "#{ I } { I } $ (Rit %I ) $ I } ÔCit ,f,c Õ{ c"#0 $ f "#{ I } { I } $ (Rit %I ) $ I }

This triple could be established by a proof similar to the onefor the triple 3.6 above, just
carrying around the extra assumption I . If we want to reuse this proof though, or even
more importantly, if we do not have the proof of the above triple because it is part of a
module for which we do not have the actual code, then we can userule (%-Frame ) on
triple (3.6) to derive:

(

{ c"# $ f "#{ emp} { emp} $ Rit } ÔCit ,f,x Õ{ c"#0 $ f "#{ emp} { emp} $ Rit }
)

%I
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Motivation (longer)
This gives rise to a Kripke semantics:

world = store invariants

assertion = world-indexed predicate

Kripke monotonicity = invariance under 
store (world) extensions

leads to recursively defined worlds 
involving predicates!

13



Motivation (longer)
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V = values

W = Loc "
fin

T

T = W "
mon

Pred (V )

Pred (Heap) = W " Pred (Heap)

W = W " Pred (Heap)

T = (Loc "
fin

T) "
mon

Pred (V )

W = Loc "
fin

W "
mon

Pred (V )

UAdm = all uniform admissible subsets of Heap

UAdm(D ) = all uniform admissible subsets of (recursive) domain D

Lemma (UAdm(D ), d) is a 1-bounded complete ultrametric space.

If D is a (recursive) domain with #i finite projections as on previous slide then:

Lemma For any set A , UPred (A) is a 1-bounded complete ultrametric space.

T =
1
2
· (Loc "

fin

T) "
mon

UAdm(Val)

1

� ` e :k ⌧

⌃;� ` ` : ⌃.`

V = values

W = Loc !
fin

T

T = W !
mon

Pred(V )

Semantic type of heap assertions then:

W ! Pred(Heap)

W = W ! Pred(Heap)

T = (Loc !
fin

T ) !
mon

Pred(V )

W = Loc !
fin

W !
mon

Pred(V )

UAdm = all uniform admissible subsets of Heap

UAdm(D) = all uniform admissible subsets of (recursive) domain D

Lemma (UAdm(D), d) is a 1-bounded complete ultrametric space.

If D is a (recursive) domain with ⇡i finite projections as on previous slide then:

Lemma For any set A, UPred(A) is a 1-bounded complete ultrametric space.

T =

1

2

· (Loc !
fin

T ) !
mon

UAdm(Val)

1

Semantic type of heap assertions then:

world W =
invariants to be 

maintained
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Problem
How to define (or approximate) those recursive worlds 
involving predicates, in particular for higher-order store?

Four ways (at least):

use Andy Pitts’ “recursive properties of recursive domains 
technique” (but no recursive unfolding of worlds)

construct them using complete ultrametric spaces

use operational semantics and “approximative 
solutions” (step-indexing)

or: mix ultrametric domains and step-indexing approaches 

This is 
what 
the 

talk is 
about

15



Ultrametric Spaces
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DefinitionUltrametric spaces

An ultrametric space (X , d) satisÞes the strong�-inequality

d(x, z)  max{ d(x, y), d(y, z)}

A function f : X1 ! X2 is non-expansive if

8x, y 2 X1 : d2(f (x), f (y))  d1(x, y)

CBUlt : category with

complete, 1-bounded, non-empty ultrametric spaces and

non-expansive functions

Ultrametric spaces

An ultrametric space (X, d) satisfies the strong �-inequality

d(x, z)  max{ d(x, y), d(y, z)}

A function f : X1 ! X2 is non-expansive if

8x, y 2 X1 : d2(f (x), f (y))  d1(x, y)

CBUlt : category with

complete, 1-bounded, non-empty ultrametric spaces and

non-expansive functions

Ultrametric spaces

An ultrametric space (X , d) satisÞes the strong! -inequality

d(x, z) ! max{ d(x, y), d(y, z)}

A function f : X1 " X2 is non-expansive if

#x, y $ X1 : d2(f (x), f (y)) ! d1(x, y)

CBUlt : category with

complete, 1-bounded, non-empty ultrametric spaces and

non-expansive functions

17



ConstructionsConstructions in CBUlt

Function spaces (X1, d1) ! (X2, d2).
Non-expansive functionsX1 ! X2 with

d(f , g) = sup{ d2(f (x), g(x)) | x " X1}

Finite functions Loc! Þn(X , d).
Finite functionsLoc! Þn X with

d(f , g) =

!
max{ d(f (l ), g(l )) | l } if dom(f ) = dom( g),
1 otherwise

Scaling ! á(X , d!).
Set X with distance functiond(x, x!) = ! ád!(x, x!)

Constructions in CBUlt

Function spaces (X1, d1) ! (X2, d2).
Non-expansive functionsX1 ! X2 with

d(f , g) = sup{ d2(f (x), g(x)) | x " X1}

Finite functions Loc! Þn(X , d).
Finite functionsLoc! Þn X with

d(f , g) =

!
max{ d(f (l ), g(l )) | l } if dom(f ) = dom( g),
1 otherwise

Scaling ! á(X , d!).
Set X with distance functiond(x, x!) = ! ád!(x, x!)

used to enforce contractiveness
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Predicate Domain
predicates over Heap from earlier

The images of these projection functions must contain only Þnite elements2 and
the projection functions must satisfy the following conditions:

Ð ! = ! 0(h) " . . . " ! k (h) " ! k+1 (h) " . . . " h for all h # Heap, i.e., the ! k Õs
form an increasing chain of approximations of the identity on Heap;

Ð ! j $ ! k = ! min { j,k } for all j, k ; in particular, every ! k is idempotent;
Ð

!
k ! k (h) = h, i.e., every heap is the limit of its approximations.

For example, these conditions hold ifHeap is an SFP domain (e.g., [15]) with
a particular choice of projections. Finally, we assume a partial commutative
associative operationh áh!, which intuitively lets us combine heaps with disjoint
locations and is compatible with the projections: ! k (h áh!) = ! k (h) á! k (h!).

We write N" for the natural numbers extended with %, with % + k =
k + % = %. We deÞne! " = id and 2#" = 0. The rank of h, written rnk(h), is
the least k # N" such that ! k (h) = h.
Uniformity and distance. Our program logics concern properties of heaps that
are closed under the projection functions! k . We write UAdm for the set of
admissible3 subsetsp & Heap that are uniform : for any k # N, if h # p then
! k (h) # p. Using the heap combination operation, we deÞne separating conjunc-
tion p ' q for p, q # UAdm in the usual way: h # p ' q i! h = h1 áh2 for some
h1 # p and h2 # q. We assume thatp ' q is in UAdm.4

Uniformity gives rise to a notion of distance between (or, similarity of) prop-
erties of heaps. More precisely, writing! k (p) for the image of p under the pro-
jection ! k , the function d(p, q) = 2 # sup{ k$ N! | ! k (p)= ! k (q) } deÞnes a notion of
distance on UAdm. This function satisÞes the requirements of a1-bounded ul-
trametric : that is, d takes real values in the interval [0, 1], is symmetric, is such
that d(p, q) = 0 holds i ! p = q, and satisÞesd(p, q) ( max{ d(p, r), d(r, q)} for
all p, q, r # UAdm. With respect to this metric, UAdm is complete in the usual
sense that every Cauchy sequence has a limit. The metric and this completeness
result of UAdm make it possible to model recursively deÞned assertions using
the Banach Þxed point theorem.
Worlds and assertions. Our semantics of assertions is deÞned in the category
CBUlt of complete 1-bounded ultrametric spaces and non-expansive functions.
This means that every semantic domain involved in the semantics has an ap-
propriate notion of distance and that every function is non-expansive, i.e., the
distance between two outputs is no greater than the distance between the two
corresponding inputs.

The main ingredients necessary for validating forms of anti-frame and frame
rules are a set of possible worlds, and an interpretation of the worlds as assertions.
Thus, we require:

2 An element d in a cpo D is Þnite i! for all chains { dn } n ! ! in D , d !
!

n ! ! dn implies
that d ! dn for some n.

3 The admissibility of p means that p is closed under limits of chains and contains " .
4 This assumption holds when Heap is constructed in a standard way in terms of Þnite

partial functions or records, just like our model in Sections 4 and 5.

The images of these projection functions must contain only Þnite elements1 and
the projection functions must satisfy the following conditions:

Ð ! = ! 0(h) " . . . " ! k (h) " ! k+1 (h) " . . . " h for all h # Heap, i.e., the ! k Õs
form an increasing chain of approximations of the identity on Heap;

Ð ! j $ ! k = ! min { j,k } for all j, k ; in particular, every ! k is idempotent;
Ð

!
k ! k (h) = h, i.e., every heap is the limit of its approximations.

For example, these conditions hold ifHeap is an SFP domain (e.g., [14]) with
a particular choice of projections. Finally, we assume a partial commutative
associative operationh áh!, which intuitively lets us combine heaps with disjoint
locations and is compatible with the projections: ! k (h áh!) = ! k (h) á! k (h!).

We write N" for the natural numbers extended with %, with % + k =
k + % = %. We deÞne! " = id and 2#" = 0. The rank of h, written rnk(h), is
the least k # N" such that ! k (h) = h.
Uniformity and distance. Our program logics concern properties of heaps that
are closed under the projection functions! k . We write UAdm for the set of
(admissible2) subsets p & Heap that are uniform : for any k # N, if h # p
then ! k (h) # p. Using the heap combination operation, we deÞne separating
conjunction p ' q for p, q # UAdm in the usual way: h # p ' q i! h = h1 áh2 for
someh1 # p and h2 # q. We assume thatp ' q is in UAdm.3

Uniformity gives rise to a notion of distance between (or, similarity of) prop-
erties of heaps. More precisely, writing! k (p) for the image of p under the pro-
jection ! k , the function d(p, q) = 2 # sup{ k$ N! | ! k (p)= ! k (q) } deÞnes a notion of
distance on UAdm. This function satisÞes the requirements of a1-bounded ul-
trametric : that is, d takes real values in the interval [0, 1], is symmetric, is such
that d(p, q) = 0 holds i ! p = q, and satisÞesd(p, q) ( max{ d(p, r), d(r, q)} for
all p, q, r # UAdm. With respect to this metric, UAdm is complete in the usual
sense that every Cauchy sequence has a limit. The metric and this completeness
result of UAdm make it possible to model recursively deÞned assertions using
the Banach Þxed point theorem.
Worlds and assertions. Our semantics of assertions is deÞned in the category
CBUlt of complete 1-bounded ultrametric spaces and non-expansive functions.
This means that every semantic domain involved in the semantics has an ap-
propriate notion of distance and that every function is non-expansive, i.e., the
distance between two outputs is no greater than the distance between the two
corresponding inputs.

The main ingredients necessary for validating forms of anti-frame and frame
rules are a set of possible worlds, and an interpretation of the worlds as assertions.
Thus, we require:

1 An element d in a cpo D is Þnite i! for all chains { dn } n ! ! in D , d !
!

n ! ! dn implies
that d ! dn for some n.

2 The admissibility of p means that p is closed under limits of chains and contains " .
3 This assumption holds when Heap is constructed in a standard way in terms of Þnite

partial functions or records, just like our model in Sections 4 and 5.
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result of UAdm make it possible to model recursively deÞned assertions using
the Banach Þxed point theorem.
Worlds and assertions. Our semantics of assertions is deÞned in the category
CBUlt of complete 1-bounded ultrametric spaces and non-expansive functions.
This means that every semantic domain involved in the semantics has an ap-
propriate notion of distance and that every function is non-expansive, i.e., the
distance between two outputs is no greater than the distance between the two
corresponding inputs.

The main ingredients necessary for validating forms of anti-frame and frame
rules are a set of possible worlds, and an interpretation of the worlds as assertions.
Thus, we require:

1 An element d in a cpo D is Þnite i! for all chains { dn } n ! ! in D , d !
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that d ! dn for some n.
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Which Subsets of Heaps shall we use?

solve Heap equatio
n in SFP domains
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Uniform Predicates

Semantics of expressions and commands The interpretation of the pro-
gramming language is given in the categoryCppo ! of pointed cpos and strict
continuous functions, and is the same as in our previous work [2]. That is, com-
mands denote strict continuous functions!C"! ! Heap ! Terr (Heap) where

Heap = Rec(Val ) Val = Integers! " Com! Com = Heap! Terr (Heap) (1)

In these equations,Terr (D ) = D " { error } ! denotes the error monad, andRec(D)
denotes records with entries fromD and labelled by positive natural numbers.
Formally, Rec(D) =

! "
N " Þn Nats + (N # D#)

#
! where (N # D#) is the cpo of maps

from the Þnite address setN to the cpo D# = D$ { %} of non-bottom elements
of D . We use some evident record notations, such as{| ! 1= d1, . . . , ! n = dn |} for the
record mapping label ! i to di , and dom(r ) for the set of labels of a recordr .
The disjointness predicater # r $ on records holds ifr and r $ are not % and have
disjoint domains, and a partial combining operation r ár $ is deÞned by

r ár $ def= if r # r $ then r & r $ else% .

The interpretation of commands is repeated in Fig. 6 (assumingh '= %). The
interpretation of the quote operation, ÔCÕ, uses the injection ofCom into Val .
The interpretation of the remaining expressions is entirely standard and omitted.

A solution to equation (1) for Heap can be obtained by the usual inverse limit
construction [14] in the categoryCppo ! . This solution is an SFP domain (e.g.,
[15]), and thus comes equipped with an increasing chain" n : Heap # Heap of
continuous projection maps, satisfying" 0 = %,

$
n %" " n = id Heap , and " n ( " m =

" min { n,m } . The image of each" n is Þnite, hence each" n (h) is a compact element
of Heap. Moreover, the projections are compatible with composition of heaps:
we have" n (h áh$) = " n (h) á" n (h$) for all h, h$.

Semantic domain for assertions A subset p ) Heap is admissible if % ! p
and p is closed under taking least upper bounds of#-chains. It is uniform [3] if
it is closed under the projections, i.e., ifp satisÞes thath ! p * " n (h) ! p for
all n. We write UAdm for the set of all uniform admissible subsets ofHeap. For
p ! UAdm, p[n ] denotes the image ofp under " n . Note that also p[n ] ! UAdm.

The uniform admissible subsets will form the basic building block when in-
terpreting the assertions of our logic. Since assertions in general depend on in-
variants for stored code, the space of semantic predicates Pred will consist of
functions W # UAdm from a set of Òworlds,Ó describing the invariants, to the
collection of uniform admissible subsets of heaps. But, the invariants for stored
code are themselves semantic predicates, and the interaction between Pred and
W is governed by (the semantics of)+ . Hence we seek a space of worldsW that
is Òthe sameÓ asW # UAdm. We obtain such aW using metric spaces.

Recall that a 1-bounded ultrametric space (X, d ) is a metric space where
the distance function d : X , X # R takes values in the closed interval [0, 1]
and satisÞes the strong triangle inequalityd(x, y) - max{ d(x, z), d(z, y)} , for
all x, y, z ! X . An (ultra-)metric space is complete if every Cauchy sequence
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The complete, 1-bounded, non-empty ultrametric spaces and non-expansive functions
between them form a Cartesian closed categoryCBUlt . Products in CBUlt are given by
the set-theoretic product where the distance is the maximum of the componentwise dis-
tances. The exponentials are given by the non-expansive functions equipped with the
sup-metric, i.e., the exponential (X 1, d1) ! (X 2, d2) has the set of non-expansive func-
tions from (X 1, d1) to ( X 2, d2) as underlying set, and distance function: dX 1! X 2 (f, g ) =
sup{ d2(f (x), g(x)) | x " X 1} . A functor F : CBUlt op # CBUlt $! CBUlt is locally non-
expansive if d(F (f, g ), F (f ", g")) % max{ d(f, f "), d(g, g")} for all non-expansive f, f ", g, g",
and it is locally contractive if d(F (f, g ), F (f ", g")) % ! ámax{ d(f, f "), d(g, g")} for some
! < 1. The functor that results from composing a locally non-expansive functor with a
locally contractive one is locally contractive. By multiplication of the distance function of
an ultrametric space (X, d ) with a shrinking factor ! < 1 one obtains a new ultrametric
space,! á(X, d ) = ( X, d ") where d"(x, y) = ! ád(x, y). Using this operation, a locally contrac-
tive functor ( ! áF )(X 1, X 2) = ! á(F (X 1, X 2)) can be obtained from any locally non-expansive
functor F .

The set UAdm of uniform admissible subsets ofHeap becomes a complete, 1-bounded
ultrametric space when equipped with the following distance function:

d(p, q) =

!
2# max{ i $ ! | p[i ]= q[i ] } if p &= q
0 otherwise

Note that d is well-deÞned: Þrst, because" 0 = ' and ' " p for all p " UAdm the set
{ i " # | p[i ] = q[i ]} is non-empty; second, this set is Þnite, becausep &= q implies p[i ] &= q[i ] for
all su! ciently large i by the uniformity of p, q and the fact that the limit of the projections
" i is the identity on Heap.

Theorem 6 (Existence of recursive worlds). There exists an ultrametric spaceW and an
isomorphism $ from 1

2 á(W ! UAdm) to W in CBUlt .

Proof. By an application of America & RuttenÕs existence theorem for Þxed points of locally
contractive functors [1], applied to the functor F (X, Y ) = 1

2á(X ! UAdm) on CBUlt . See [6]
for details of a similar recent application.

We write Pred for 1
2 á(W ! UAdm) and $# 1 : W (= Pred for the inverse to $.

DeÞnition 7 (Approximate equality, [6]) . For an ultrametric space (X, d ) and n " # we
use the notation x n= y to mean that d(x, y) % 2# n .

We conclude this subsection with a number of simple but useful observations, which
will be used repeatedly in the following proofs. By the ultrametric inequality, each n= is
an equivalence relation onX . Moreover, if n % m then n= ) m=, and x = y if and only if
x n= y for all n " #. Since all non-zero distances inUAdm are of the form 2# n for some
n " #, this is also the case for the distance function onW . Therefore, to show that a
map is non-expansive it su! ces to show that f (x) n= f (y) whenever x n= y. Finally, the
deÞnition of Pred has the following consequence: forp, q " Pred, p n= q holds if and only if
p(w) n# 1= q(w) for all w " W .

closed under sups of ascending chains

! ! e :k !

" ; ! ! " : " ."

V = values

W = Loc " Þn T

T = W " mon Pred(V )

T = (Loc " Þn T) " mon Pred(V )

W = Loc " Þn W " mon Pred(V )

UAdm = all uniform admissible subsets ofHeap

UAdm(D) = all uniform admissible subsets of (recursive) domainD

Lemma (UAdm, d) is a 1-bounded complete ultrametric space.

Lemma For any setA, UPred(A) is a 1-bounded complete ultrametric space.

T =
1
2

á(Loc " Þn T) " mon UAdm(Val)

1

! ! e :k !

" ; ! ! " : " ."

V = values

W = Loc " Þn T

T = W " mon Pred(V )

T = (Loc " Þn T) " mon Pred(V )

W = Loc " Þn W " mon Pred(V )

UAdm = all uniform admissible subsets ofHeap

UAdm(D) = all uniform admissible subsets of (recursive) domainD

Lemma (UAdm(D), d) is a 1-bounded complete ultrametric space.

D is a (recursive) domain with#i Þnite projections as explained

Lemma For any setA, UPred(A) is a 1-bounded complete ultrametric space.

T =
1
2

á(Loc " Þn T) " mon UAdm(Val)

1

! ! e :k ⌧

" ; ! ! ` : " .`

V = values

W = Loc "
fin

T

T = W "
mon

Pred (V )

T = (Loc "
fin

T) "
mon

Pred (V )

W = Loc "
fin

W "
mon

Pred (V )

UAdm = all uniform admissible subsets of Heap

UAdm(D ) = all uniform admissible subsets of (recursive) domain D

Lemma (UAdm(D ), d) is a 1-bounded complete ultrametric space.

If D is a (recursive) domain with ⇡i finite projections as on previous slide then:

Lemma For any set A , UPred (A) is a 1-bounded complete ultrametric space.

T =
1
2
· (Loc "

fin

T) "
mon

UAdm(Val)

1
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Recursive Definitions
... exist for locally contractive functors on 
complete ultrametric spaces [America, 
Rutten, based on Banach, 1989]

one can always make the functor locally 
contractive by scaling with a shrinking 
factor < 1.

Space of types for ML references

F : CBUlt op ! CBUlt "# CBUlt
F(X , Y ) = ( Loc# Þn X) # mon UPred(Val)

The functor öF(X , Y ) = 1
2 áF(X , Y ) is locally contractive :

d( öF(f , g), öF(f !, g!)) $ 1
2 ámax{ d(f , f !), d(g, g!)}

Theorem (America & Rutten 1989)

Every locally contractive functor F: CBUlt op ! CBUlt "# CBUlt
has a unique Þxed point X%= F(X , X ).

In particular, there existsöT %= 1
2 á

!
(Loc# Þn öT ) # mon UPred(Val)

"
.

21



Recursive Worlds

This solves our initial domain equation, however, with an extra 
“shrinking factor”.

has a limit. A function f : X 1 ! X 2 between metric spaces (X 1, d1), (X 2, d2) is
non-expansiveif for all x, y " X 1, d2(f (x), f (y)) # d1(x, y). It is contractive if
for some! < 1, d2(f (x), f (y)) # ! ád1(x, y) for all x, y " X 1.

The complete, 1-bounded ultrametric spaces and non-expansive functions
between them form a Cartesian closed categoryCBUlt . Products in CBUlt are
given by the set-theoretic product where the distance is the maximum of the
componentwise distances, and exponentials are given by the non-expansive func-
tions equipped with the sup-metric. A functor F : CBUlt op $ CBUlt %! CBUlt
is locally non-expansiveif d(F (f, g ), F (f ! , g!)) # max{ d(f, f !), d(g, g!)} for all
non-expansivef, f ! , g, g!, and it is locally contractive if d(F (f, g ), F (f ! , g!)) # ! á
max{ d(f, f !), d(g, g!)} for some! < 1. By multiplication of the distances of (X, d )
with a shrinking factor ! < 1 one obtains a new ultrametric space,! á(X, d ) =
(X, d !) where d!(x, y) = ! ád(x, y). By shrinking, a locally non-expansive functor
F yields a locally contractive functor (! áF )(X 1, X 2) = ! á(F (X 1, X 2)).

The set UAdm of uniform admissible subsets ofHeap becomes a complete, 1-
bounded ultrametric space when equipped with the following distance function:
d(p, q) def= if (p&= q) then (2" max { i # ! | p[ i ] = q[ i ] } ) else 0. Note that d is well-deÞned:
Þrst, because" 0 = ' and ' " p for all p " UAdm the set { i " # | p[i ] = q[i ]}
is non-empty; second, this set is Þnite, becausep &= q implies p[i ] &= q[i ] for all
su⇤ciently large i by the uniformity of p, q and using

�
n # ! " n = id Heap .

Theorem 3. There exists an ultrametric spaceW and an isomorphism$ from
1
2 á(W ! UAdm) to W in CBUlt.

Proof. By an application of America & RuttenÕs existence theorem for Þxed
points of locally contractive functors on complete ultrametric spaces [1], applied
to F (X, Y ) = 1

2 á(X ! UAdm). See [3] for details of a similar application. ()

We write Pred for 1
2 á(W ! UAdm) and $" 1 : W *= Pred for the inverse to $.

For an ultrametric space (X, d ) and n " # we use the notation x n= y to
mean that d(x, y) # 2" n . By the ultrametric inequality, each n= is an equivalence
relation on X [3]. Since all non-zero distances inUAdm are of the form 2" n for
somen " #, this is also the case for the distance function onW . Therefore, to
show that a map is non-expansive it su⇤ces to show thatf (x) n= f (y) whenever
x n= y. The deÞnition of Pred has the following consequence: forp, q " Pred,
p n= q i� p(w) n " 1= q(w) for all w " W . This fact is used repeatedly in our proofs.

For p, q " UAdm, the separating conjunction p + q is deÞned as usual, by
h " p+q def, - h1, h2. h = h1 áh2 . h1 " p. h2 " q. This operation is lifted to non-
expansive functionsp1, p2 " Pred pointwise, by (p1 +p2)(w) = p1(w) +p2(w).
This is well-deÞned, and moreover determines a non-expansive operation on the
space Pred. The corresponding unit for the lifted+ is the non-expansive function
emp = %w.{{||} , ' } (i.e., p+emp = emp +p= p, for all p). We let emp = $(emp).

Lemma 4. There exists a non-expansive map/ : W $ W ! W and a map
0 : Pred $ W ! Pred that is non-expansive in its Þrst and contractive in its
second argument, satisfyingq/ r = $($" 1(q) 0 r +$" 1(r )) and p0 r = %w.p(r / w)
for all p" Pred and q, r " W .

has a limit. A function f : X1  X2 between metric spaces (X1, d1), (X2, d2) is
non-expansive if for all x, y ↵ X1, d2(f(x), f(y)) ⌥ d1(x, y). It is contractive if
for some � < 1, d2(f(x), f(y)) ⌥ � · d1(x, y) for all x, y ↵ X1.

The complete, 1-bounded ultrametric spaces and non-expansive functions
between them form a Cartesian closed category CBUlt . Products in CBUlt are
given by the set-theoretic product where the distance is the maximum of the
componentwise distances, and exponentials are given by the non-expansive func-
tions equipped with the sup-metric. A functor F : CBUltop⇤CBUlt � CBUlt
is locally non-expansive if d(F (f, g), F (f ⇥, g⇥)) ⌥ max{d(f, f ⇥), d(g, g⇥)} for all
non-expansive f, f ⇥, g, g⇥, and it is locally contractive if d(F (f, g), F (f ⇥, g⇥)) ⌥ � ·
max{d(f, f ⇥), d(g, g⇥)} for some � < 1. By multiplication of the distances of (X, d)
with a shrinking factor � < 1 one obtains a new ultrametric space, � · (X, d) =
(X, d⇥) where d⇥(x, y) = � · d(x, y). By shrinking, a locally non-expansive functor
F yields a locally contractive functor (� · F )(X1, X2) = � · (F (X1, X2)).

The set UAdm of uniform admissible subsets of Heap becomes a complete, 1-
bounded ultrametric space when equipped with the following distance function:
d(p, q) def= if (p �=q) then (2�max{i⇤� | p[i]=q[i]}) else 0. Note that d is well-defined:
first, because ⌅0 = � and � ↵ p for all p ↵ UAdm the set {i ↵ ⇧ | p[i] = q[i]}
is non-empty; second, this set is finite, because p �= q implies p[i] �= q[i] for all
su⇤ciently large i by the uniformity of p, q and using

�
n⇤� ⌅n = idHeap .

Theorem 3. There exists an ultrametric space W and an isomorphism ⇥ from
1
2 · (W  UAdm) to W in CBUlt.

Proof. By an application of America & Rutten’s existence theorem for fixed
points of locally contractive functors on complete ultrametric spaces [1], applied
to F (X, Y ) = 1

2 · (X  UAdm). See [3] for details of a similar application. ◆

We write Pred for 1
2 · (W  UAdm) and ⇥�1 : W �= Pred for the inverse to ⇥.

For an ultrametric space (X, d) and n ↵ ⇧ we use the notation x
n= y to

mean that d(x, y) ⌥ 2�n. By the ultrametric inequality, each n= is an equivalence
relation on X [3]. Since all non-zero distances in UAdm are of the form 2�n for
some n ↵ ⇧, this is also the case for the distance function on W . Therefore, to
show that a map is non-expansive it su⇤ces to show that f(x) n= f(y) whenever
x

n= y. The definition of Pred has the following consequence: for p, q ↵ Pred,
p

n= q i� p(w) n�1= q(w) for all w ↵W . This fact is used repeatedly in our proofs.
For p, q ↵ UAdm, the separating conjunction p ⌅ q is defined as usual, by

h ↵ p⌅q def⌦ �h1, h2. h = h1 ·h2✏h1 ↵ p✏h2 ↵ q. This operation is lifted to non-
expansive functions p1, p2 ↵ Pred pointwise, by (p1 ⌅ p2)(w) = p1(w) ⌅ p2(w).
This is well-defined, and moreover determines a non-expansive operation on the
space Pred. The corresponding unit for the lifted ⌅ is the non-expansive function
emp=⇤w.{{||} ,�} (i.e., p ⌅ emp= emp ⌅ p = p, for all p). We let emp = ⇥(emp).

Lemma 4. There exists a non-expansive map ⌃ : W ⇤ W  W and a map
⇧ : Pred ⇤W  Pred that is non-expansive in its first and contractive in its
second argument, satisfying q ⌃ r = ⇥(⇥�1(q)⇧ r ⌅ ⇥�1(r)) and p⇧ r = ⇤w.p(r ⌃w)
for all p↵Pred and q, r↵W .
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Semantic of triples

result of c(h) must not be error

invariant w is maintained by c ...

... but also by code in assertions 
   p and q

frame rule baked in via r
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for all w 2 W , ◆! 1((r � s) � t)(w)
n! 1
= ◆! 1(r � (s � t))(w). This equation follows from the

definition of � as follows:

◆! 1((r � s) � t)(w) = ◆! 1(r � s)(t � w) ⇤ ◆! 1(t)(w)

= ◆! 1(r)(s � (t � w)) ⇤ ◆! 1(s)(t � w) ⇤ ◆! 1(t)(w)

= ◆! 1(r)(s � (t � w)) ⇤ ◆! 1(s � t)(w)
n! 1
= ◆! 1(r)((s � t) � w) ⇤ ◆! 1(s � t)(w)
= ◆! 1(r � (s � t))(w) .

The second last step in this derivation is by the inductive hypothesis, using the non-
expansiveness of ◆! 1(r).

That⌦ forms an action ofW on Pred follows from these properties of �. First, p⌦emp=
�w.p(emp� w) = p since emp is a unit for �. Second,

(p⌦ r)⌦ s = �w.p(r � (s � w)) = �w.p((r � s) � w) = p⌦ (r � s)
by the associativity of �.

4.5. Semantics of triples and assertions. Since assertions appear in the pre- and post-
conditions of Hoare triples, and triples can be nested inside assertions, the interpretation
of assertions and the validity of triples must be defined simultaneously. To achieve this, we
first define a notion of fault-avoiding semantic triple.

DeÞnition 11 (Semantic triple). A semantic Hoare triple consists of predicates p, q 2 Pred
and a strict continuous function c 2 Heap ( Terr (Heap), written { p} c { q} . For w 2 W , a
semantic triple { p} c { q} is forced byw, written w |= { p} c { q} , if for all r 2 UAdm and all
h 2 Heap:

h 2 p(w) ⇤ ◆! 1(w)(emp) ⇤ r ) c(h) 2 Ad(q(w) ⇤ ◆! 1(w)(emp) ⇤ r),
where Ad(r) denotes the least downward closed and admissible set of heaps containing r.
A semantic triple is valid, written |= { p} c { q} , if w |= { p} c { q} for all w 2 W . We extend
semantic triples from Com = Heap( Terr (Heap) to all d 2 Val , by w |= { p} d { q} i! d = c
for some command c 2 Com and w |= { p} c { q} .
A triple holds approximately up to levelk, w |=k { p} d { q} , if w |= { p} ⇡k ; d;⇡k { q} .

Thus, semantic triples bake in the first-order frame property (by conjoining r), and
“close” the “open” recursion (by applying the world w, on which the triple implicitly de-
pends, to emp). The semantics also ensures that if a triple holds the command in question
must not have produced error as result. One calls such a semantics fault-avoiding and this is
one of the intrinsic features of Separation Logic. In our case fault-avoidance follows directly
from the fact that semantics of assertions indexed by worlds lives in UAdm that ranges over
heaps and does not include value error . The admissible downward closure that is applied to
the entire post-condition is in line with a partial correctness interpretation of triples. In par-
ticular, it entails that the sets { c 2 Com | w |=k { p} c { q}} and { c 2 Com | w |= { p} c { q}}
are admissible and downward closed subsets of Com.

Since there is a closure operation applied to the post-condition of semantic triples, but
no similar closure used in the pre-condition, it may not be immediate that proved commands
compose. The following characterisation is helpful, for instance when proving soundness of
the rule of sequential composition.

top level

downward closure due to 
uniformity (partial correctness)

admissibility so that we can 
use approximations (next slide)
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Since there is a closure operation applied to the post-condition of semantic triples, but
no similar closure used in the pre-condition, it may not be immediate that proved commands
compose. The following characterisation is helpful, for instance when proving soundness of
the rule of sequential composition.

Lemma 4.7 (Closure). If f :D ! D " is a strict continuous function, q % D " is an admissible
and downwards closed subset ofD ", and p % D is an arbitrary subset of D , then f (p) % q
implies f (Ad( p)) % q.

Proof. Sincef is continuous, the pre-imagef ! 1(q) of q is admissible and downward closed.
From the assumption that f (p) %q it follows that p%f ! 1(q), and thus Ad(p) %f ! 1(q) as
the former is by deÞnition the least admissible and downwardclosed subset ofD containing
p. Thus, if h " Ad(p) then f (h) " q.

Observe that w |= k { p} d { q} provides indeed an approximation of the judgementw |=
{ p} c{ q} , in the sense that w |= { p} c{ q} is equivalent to &k " #. w |= k { p} c{ q} . Finally,

semantic triples are non-expansive, in the sense that ifwn+1= w" and w |= n { p} c{ q} , then
w" |= n { p} c{ q} ; they are similarly non-expansive in the pre- and post-conditions p and q.
This observation plays a key role in the following deÞnitionof the semantics of nested triples.
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conditions of Hoare triples, and triples can be nested inside assertions, the interpretation
of assertions and the validity of triples must be defined simultaneously. To achieve this, we
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must not have produced error as result. One calls such a semantics fault-avoiding and this is
one of the intrinsic features of Separation Logic. In our case fault-avoidance follows directly
from the fact that semantics of assertions indexed by worlds lives in UAdm that ranges over
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the entire post-condition is in line with a partial correctness interpretation of triples. In par-
ticular, it entails that the sets { c " Com | w |=k { p} c{ q}} and { c " Com | w |= { p} c{ q}}
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Since there is a closure operation applied to the post-condition of semantic triples, but
no similar closure used in the pre-condition, it may not be immediate that proved commands
compose. The following characterisation is helpful, for instance when proving soundness of
the rule of sequential composition.

Lemma 4.7 (Closure). If f :D ! D " is a strict continuous function, q % D " is an admissible
and downwards closed subset of D ", and p % D is an arbitrary subset of D , then f (p) % q
implies f (Ad(p)) % q.

Proof. Since f is continuous, the pre-image f ! 1(q) of q is admissible and downward closed.
From the assumption that f (p)%q it follows that p%f ! 1(q), and thus Ad(p)%f ! 1(q) as
the former is by definition the least admissible and downward closed subset of D containing
p. Thus, if h " Ad(p) then f (h) " q.

Observe that w |=k { p} d { q} provides indeed an approximation of the judgement w |=
{ p} c{ q} , in the sense that w |= { p} c{ q} is equivalent to &k " #. w |=k { p} c{ q} . Finally,

semantic triples are non-expansive, in the sense that if wn+1
= w" and w |=n { p} c{ q} , then

w" |=n { p} c{ q} ; they are similarly non-expansive in the pre- and post-conditions p and q.
This observation plays a key role in the following definition of the semantics of nested triples.
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for all w ! W , !! 1(( r " s) " t)(w) n! 1= !! 1(r " (s " t))( w). This equation follows from the
deÞnition of " as follows:

!! 1(( r " s) " t)(w) = !! 1(r " s)( t " w) # !! 1(t)(w)

= !! 1(r )(s " (t " w)) # !! 1(s)( t " w) # !! 1(t)(w)

= !! 1(r )(s " (t " w)) # !! 1(s " t)(w)
n! 1= !! 1(r )(( s " t) " w) # !! 1(s " t)(w)

= !! 1(r " (s " t))( w) .

The second last step in this derivation is by the inductive hypothesis, using the non-
expansiveness of!! 1(r ).

That $ forms an action ofW on Pred follows from these properties of" . First, p$ emp =
" w.p(emp" w) = p sinceemp is a unit for " . Second,

(p $ r ) $ s = " w.p(r " (s " w)) = " w.p(( r " s) " w) = p $ (r " s)

by the associativity of " .

4.5. Semantics of triples and assertions. Since assertions appear in the pre- and post-
conditions of Hoare triples, and triples can be nested inside assertions, the interpretation
of assertions and the validity of triples must be deÞned simultaneously. To achieve this, we
Þrst deÞne a notion of fault-avoiding semantic triple.

DeÞnition 11 (Semantic triple) . A semantic Hoare triple consists of predicatesp, q ! Pred
and a strict continuous function c ! Heap ! Terr (Heap), written { p} c{ q} . For w ! W , a
semantic triple { p} c{ q} is forced by w, written w |= { p} c{ q} , if for all r ! UAdm and all
h ! Heap:

h ! p(w) # !! 1(w)(emp) # r % c(h) ! Ad(q(w) # !! 1(w)(emp) # r ),

where Ad(r ) denotes the least downward closed and admissible set of heaps containingr .
A semantic triple is valid, written |= { p} c{ q} , if w |= { p} c{ q} for all w ! W . We extend
semantic triples from Com = Heap ! Terr (Heap) to all d ! Val , by w |= { p} d { q} i! d = c
for some commandc ! Com and w |= { p} c{ q} .
A triple holds approximately up to levelk, w |= k { p} d { q} , if w |= { p} #k; d; #k { q} .

Thus, semantic triples bake in the Þrst-order frame property (by conjoining r ), and
ÒcloseÓ the ÒopenÓ recursion (by applying the worldw, on which the triple implicitly de-
pends, to emp). The semantics also ensures that if a triple holds the command in question
must not have producederror as result. One calls such a semanticsfault-avoiding and this is
one of the intrinsic features of Separation Logic. In our case fault-avoidance follows directly
from the fact that semantics of assertions indexed by worlds lives inUAdm that ranges over
heaps and does not include valueerror . The admissible downward closure that is applied to
the entire post-condition is in line with a partial correctness interpretation of triples. In par-
ticular, it entails that the sets { c ! Com | w |= k { p} c{ q}} and { c ! Com | w |= { p} c{ q}}
are admissible and downward closed subsets ofCom.

Since there is a closure operation applied to the post-condition of semantic triples, but
no similar closure used in the pre-condition, it may not be immediate that proved commands
compose. The following characterisation is helpful, for instance when proving soundness of
the rule of sequential composition.

needs to be non-expansive in semantics of P and Q 

needs to be non-expansive in the world w (to be in Pred)
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!X (!e)"! ," w = " (X )( !!e"! )w

! false"! ," w = { ! }

! true"! ," w = Heap

!P " Q"! ," w = !P"! ," w # !Q"! ," w

!P $ Q"! ," w = !P"! ," w %!Q"! ," w

!P & Q"! ," w = { h | ' n ( #. $n(h) ( !P"! ," w implies $n(h) ( !Q"! ," w}

! ' x.P "! ," w =
!

d! Val !P"! [x:= d]," w

! ) x.P "! ," w = { h | ' n ( #. $n(h) (
"

d! Val !P"! [x:= d]," w}

!e1 = e2"! ," w = { h | h *= ! & !e1"! = !e2"! }

!e1 +, e2"! ," w = { h | h - {| !e1"! = !e2"! |}}

!emp"! ," w = {{||} , ! }

!P . Q"! ," w = !P"! ," w . !Q"! ," w

!{ P} e{ Q}"! ," w = Ad { h ( Heap | rnk (h) > 0 & w |= rnk (h)" 1 { !P"! ," } !e"! { !Q"! ," }}

!P / Q"! ," w = ( !P"! ," / %(!Q"! ," ))w

! (µX (!x).P)(!e)"! ," w = Þx(&q, !d. !P"! [#x:= #d]," [X := q])( !!e"! )w

Figure 8. Semantics of assertions

As a consequence of the interpretation of triples, the axiom{{ A} e{ B } $ A} e{ B } does
not hold; the inner triple is only approximately valid up to the level of the rank of the
argument heap. Similarly, the following rule

{ A} e{ B } & { P} e#{ Q}
{{ A} e{ B } $ P} e#{ Q}

is not validated by our semantics (the opposite direction actually holds; see Section 5).
Axioms and rules like these are used, e.g., by Honda et al. [12], in proofs for recursion
through the store; instead we use (Eval ).

4.6. Soundness of the axioms and proof rules. We prove soundness of the axioms
and proof rules listed in Sections 2 and 3. We start by deÞning a notion of validity for
judgements and rules with respect to which the soundness will be shown.

DeÞnition 17 (Validity of judgements) . A judgement ! ; " 0 { P} ÔCÕ{ Q} is valid if, and
only if, for all ' ( Env such that dom(' ) 1 " and for all " (

#
X i ! ! Pred(Val n i ) such that

ni is the arity of X i we have |= { !P"! ," } !C"! { !Q"! ," } . A rule J1
J2

is then called sound
if validity of judgement J1 implies the validity of judgement J2. Similarly, an axiom J is
called sound if judgement J is valid.

Below we prove the most interesting rules of our logic sound. Where proofs are para-
metric in the assertions we will directly work with semantic Hoare triples.

Let us Þrst consider the distribution axioms for 2 / R given in Figure 2.
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where the arity of X i is ni . Then P denotes a non-expansive function from
!

X i ! ! Pred(Val n i )

to Pred. Note that ( UAdm, ! ) is a complete Heyting algebra (as shown in Appendix B.1,
Lemma 28). Using the pointwise extension of the operations of this algebra to the set
of non-expansive functionsW " UAdm, we also obtain a complete Heyting algebra on
Pred = 1

2 á(W " UAdm) which soundly models the intuitionistic predicate part of the
assertion logic. (See Appendix B.1, Lemma 29 for details.) The monoid action ofW on
Pred serves to model the invariant extension of the assertion logic.

Remark 14. While UAdm (and hence Pred) is a complete Heyting algebra, it is not a
complete Heyting BI algebra, as usually assumed for the interpretation of the assertion
language in separation logic [22]. More precisely, what is missing is the right adjoint (Òmagic
wandÓ) for the monoid operation#: the candidate operation,

p$# q = { h | %n & ! .%h" & Heap. if " n (h") & p ' " n (h) # " n(h") then " n(h áh") & q} ,

alas, fails to be non-expansive. This is a particularly annoying shortcoming of our model
since this spatial implication is important when dealing with shared memory. For instance,
(P $# Q) #(P $# R) #P expresses thatR and Q overlap in shared part P. Recently, we have
constructed an alternative model of our logic, based on an operational semantics of the
programming language and using the ideas of step-indexing, where the right adjoint does
exist.

In order to deÞne an interpretation of nested triples we use the following deÞnition:

DeÞnition 15 (Rank of a heap). If h is a compact element ofHeap, then the least n for
which " n(h) = h is the rank of h, abbreviated rnk(h), otherwise the rank is undeÞned.

The interpretation of assertions is spelled out in detail in Figure 8. The interpretation
of a nested triple { P} e{ Q} is not independent of the heap, unlike the (more traditional)
semantics of Òtop-levelÓ triples, i.e.|= { p} c{ q} . More precisely, the deÞnition in Figure 8
means that triples as assertions depend on the rank of the current heap. This is necessary to
provide a non-expansivefunction from W to UAdm. Simpler deÞnitions of the interpretation
of triples, like { h & Heap | w |= { !P"! ," } !e"! { !Q"! ," }} , are heap independent but not
non-expansive. A similar approach has been taken in [6] to force non-expansiveness for
a reference type constructor for ML-style references. We discuss the ramiÞcations of this
choice in Section 5. Note also that the only atomic assertions that depend on the worldw
are triples, as they are the only ones that are a! ected by invariants.

Lemma 16 (Well-deÞnedness). The interpretation in Figure 8 is well-deÞned:
(1) If the free relation variables of P are contained in" = X 1, . . . , X n then !P"! denotes

a non-expansive function from
!

X i ! ! Pred(Val n i ) to Pred.
(2) If P is formally contractive in X then the functional #q.!P"! ," [X := q] is a contractive

map from Pred(Val n ) to Pred.

Proof sketch. Both parts are proved simultaneously by induction on the structure of P. The
second part is used to show the well-deÞnedness of recursive speciÞcations, using the fact
that the Þxed point operator itself is non-expansive. Details are given in Appendix B.2.
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The following lemma establishes key properties of the two operations! and " that we
deÞned in Lemma 9. These properties provide a semantic explanation of the distribution
axioms given in Figure 2.

Lemma 10 (Monoid structure and monoid action). (W, ! , emp) is a monoid in CBUlt .
Moreover, " is an action of this monoid on Pred.

Proof. First, emp is a left-unit for ! , since

emp! r = !(( " w.!! 1(emp)( r ! w)) # !! 1(r )) = !(!! 1(r )) = r .

Using this fact, it is easy to prove that it is also a right-unit for the ! operation:

r ! emp = !(" w.!! 1(r )(emp! w) # !! 1(emp)) = !(" w.!! 1(r )(w) # emp) = r .

Next, we prove by induction that for all n $ #, ! is associative up to distance 2! n , from
which associativity follows. By the 1-boundedness ofW the base case is clear. For the
inductive step n > 0, by deÞnition of the distance function on Pred it su! ces to show that
for all w $ W , !! 1(( r ! s) ! t)(w) n! 1= !! 1(r ! (s ! t))( w). This equation follows from the
deÞnition of ! as follows:

!! 1(( r ! s) ! t)(w) = !! 1(r ! s)( t ! w) # !! 1(t)(w)

= !! 1(r )(s ! (t ! w)) # !! 1(s)( t ! w) # !! 1(t)(w)

= !! 1(r )(s ! (t ! w)) # !! 1(s ! t)(w)
n! 1= !! 1(r )(( s ! t) ! w) # !! 1(s ! t)(w)

= !! 1(r ! (s ! t))( w) .

The second last step in this derivation is by the inductive hypothesis, using the non-
expansiveness of!! 1(r ).

That " forms an action ofW on Pred follows from these properties of! . First, p" emp =
" w.p(emp! w) = p sinceemp is a unit for ! . Second,

(p " r ) " s = " w.p(r ! (s ! w)) = " w.p(( r ! s) ! w) = p " (r ! s)

by the associativity of ! .

4.5. Semantics of triples and assertions. Since assertions appear in the pre- and post-
conditions of Hoare triples, and triples can be nested inside assertions, the interpretation
of assertions and the validity of triples must be deÞned simultaneously. To achieve this, we
Þrst deÞne a notion of fault-avoiding semantic triple.

DeÞnition 11 (Semantic triple) . A semantic Hoare triple consists of predicatesp, q $ Pred
and a strict continuous function c $ Heap ! Terr (Heap), written { p} c{ q} . For w $ W , a
semantic triple { p} c{ q} is forced by w, written w |= { p} c{ q} , if for all r $ UAdm and all
h $ Heap:

h $ p(w) # !! 1(w)(emp) # r % c(h) $ Ad(q(w) # !! 1(w)(emp) # r ),

where Ad(r ) denotes the least downward closed and admissible set of heaps containingr .
A semantic triple is valid, written |= { p} c{ q} , if w |= { p} c{ q} for all w $ W . We extend
semantic triples from Com = Heap ! Terr (Heap) to all d $ Val , by w |= { p} d { q} i" d = c
for some commandc $ Com and w |= { p} c{ q} .
A triple holds approximately up to levelk, w |= k { p} d { q} , if w |= { p} $k; d; $k { q} .
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Lemma 12 (Closure). If f :D ! D ! is a strict continuous function, q ! D ! is an admissible
and downwards closed subset ofD !, and p ! D is an arbitrary subset of D , then f (p) ! q
implies f (Ad( p)) ! q.

Proof. Sincef is continuous, the pre-imagef " 1(q) of q is admissible and downward closed.
From the assumption that f (p) ! q it follows that p ! f " 1(q), and thus Ad(p) ! f " 1(q) as
the former is by deÞnition the least admissible and downward closed subset ofD containing
p. Thus, if h " Ad(p) then f (h) " q.

Observe that w |= k { p} d { q} provides indeed an approximation of the judgementw |=
{ p} c{ q} , in the sense that w |= { p} c{ q} is equivalent to #k " ! . w |= k { p} c{ q} . Finally,

semantic triples are non-expansive, in the sense that ifwn+1= w! and w |= n { p} c{ q} , then
w! |= n { p} c{ q} ; they are similarly non-expansive in the pre- and post-conditionsp and q.
This observation plays a key role in the following deÞnition of the semantics of nested triples.

Lemma 13 (Non-expansiveness of semantic triples). Let w, w! " W such that w n+1= w!. Let
p, p!, q, q! " Pred be such that p n= p! and q n= q!. If w |= n { p} c{ q} , then w! |= n { p!} c{ q!} .

Proof. Let w, w!, p, p!, q and q! be as in the statement of the lemma, and letc : Heap !
Terr (Heap) be such that w |= n { p} c{ q} . To prove that w! |= n { p} c! { q} , supposer "
UAdm and h " Heap are such that h " p!(w!) $ "" 1(w!)(emp) $ r . We have to show that
#n(c(#n h)) " Ad(q!(w!) $ "" 1(w!)(emp) $ r ).

Since w n+1= w! holds by assumption, we have"" 1(w!)(emp) n= "" 1(w)(emp). Hence,
by the non-expansiveness ofp, by the assumption p n= p!, and by the compatibility of the
heap combination operation with projections, we have#n(h) " p(w) $ "" 1(w)(emp) $ r .
By the assumption that w |= n { p} c{ q} and since#n %#n = #n, this yields #n(c(#n h)) "
Ad(q(w) $ "" 1(w)(emp) $ r ). Using the non-expansiveness ofq, the assumption q n= q!,
uniformity of r , and the fact that "" 1(w)(emp) n= "" 1(w!)(emp), we know that #n(h!) "
q!(w!)$"" 1(w!)(emp)$r holds wheneverh! " q(w)$"" 1(w)(emp)$r . Thus, using #n %#n = #n
again, #n(c(#n(h))) " Ad(q!(w!) $ "" 1(w!)(emp) $ r ) holds by Lemma 12 and the continuity
of the projection #n.

Assertions (without free relation variables) are interpreted as elements!P"! " Pred.
More generally, assume that the free relation variables ofP are contained in! = X 1, . . . , X n ,
where the arity of X i is ni . Then P denotes a non-expansive function from

!
X i # ! Pred(Val n i )

to Pred. Note that ( UAdm, ! ) is a complete Heyting algebra (as shown in Appendix B.1,
Lemma 28). Using the pointwise extension of the operations of this algebra to the set
of non-expansive functionsW & UAdm, we also obtain a complete Heyting algebra on
Pred = 1

2 á(W & UAdm) which soundly models the intuitionistic predicate part of the
assertion logic. (See Appendix B.1, Lemma 29 for details.) The monoid action ofW on
Pred serves to model the invariant extension of the assertion logic.

Remark 14. While UAdm (and hence Pred) is a complete Heyting algebra, it is not a
complete Heyting BI algebra, as usually assumed for the interpretation of the assertion
language in separation logic [22]. More precisely, what is missing is the right adjoint (Òmagic
wandÓ) for the monoid operation$: the candidate operation,

p '$ q = { h | #n " ! .#h! " Heap. if #n(h!) " p ( #n(h) # #n(h!) then #n(h áh!) " q} ,

alas, fails to benon-expansive. This is a particularly annoying shortcoming of our model
since this spatial implication is important when dealing with shared memory. For instance,
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Deep Frame Rule

has a limit. A function f : X 1 ! X 2 between metric spaces (X 1, d1), (X 2, d2) is
non-expansiveif for all x, y " X 1, d2(f (x), f (y)) # d1(x, y). It is contractive if
for some! < 1, d2(f (x), f (y)) # ! ád1(x, y) for all x, y " X 1.

The complete, 1-bounded ultrametric spaces and non-expansive functions
between them form a Cartesian closed categoryCBUlt . Products in CBUlt are
given by the set-theoretic product where the distance is the maximum of the
componentwise distances, and exponentials are given by the non-expansive func-
tions equipped with the sup-metric. A functor F : CBUlt op $ CBUlt %! CBUlt
is locally non-expansiveif d(F (f, g ), F (f ! , g!)) # max{ d(f, f !), d(g, g!)} for all
non-expansivef, f ! , g, g!, and it is locally contractive if d(F (f, g ), F (f ! , g!)) # ! á
max{ d(f, f !), d(g, g!)} for some! < 1. By multiplication of the distances of (X, d )
with a shrinking factor ! < 1 one obtains a new ultrametric space,! á(X, d ) =
(X, d !) where d!(x, y) = ! ád(x, y). By shrinking, a locally non-expansive functor
F yields a locally contractive functor (! áF )(X 1, X 2) = ! á(F (X 1, X 2)).

The set UAdm of uniform admissible subsets ofHeap becomes a complete, 1-
bounded ultrametric space when equipped with the following distance function:
d(p, q) def= if (p&= q) then (2" max { i # ! | p[ i ] = q[ i ] } ) else 0. Note that d is well-deÞned:
Þrst, because" 0 = ' and ' " p for all p " UAdm the set { i " # | p[i ] = q[i ]}
is non-empty; second, this set is Þnite, becausep &= q implies p[i ] &= q[i ] for all
su! ciently large i by the uniformity of p, q and using

!
n # ! " n = id Heap .

Theorem 3. There exists an ultrametric spaceW and an isomorphism$ from
1
2 á(W ! UAdm) to W in CBUlt.

Proof. By an application of America & RuttenÕs existence theorem for Þxed
points of locally contractive functors on complete ultrametric spaces [1], applied
to F (X, Y ) = 1

2 á(X ! UAdm). See [3] for details of a similar application. ()

We write Pred for 1
2 á(W ! UAdm) and $" 1 : W *= Pred for the inverse to $.

For an ultrametric space (X, d ) and n " # we use the notation x n= y to
mean that d(x, y) # 2" n . By the ultrametric inequality, each n= is an equivalence
relation on X [3]. Since all non-zero distances inUAdm are of the form 2" n for
somen " #, this is also the case for the distance function onW . Therefore, to
show that a map is non-expansive it su! ces to show thatf (x) n= f (y) whenever
x n= y. The deÞnition of Pred has the following consequence: forp, q " Pred,
p n= q i" p(w) n " 1= q(w) for all w " W . This fact is used repeatedly in our proofs.

For p, q " UAdm, the separating conjunction p + q is deÞned as usual, by
h " p+q def, - h1, h2. h = h1 áh2 . h1 " p. h2 " q. This operation is lifted to non-
expansive functionsp1, p2 " Pred pointwise, by (p1 +p2)(w) = p1(w) +p2(w).
This is well-deÞned, and moreover determines a non-expansive operation on the
space Pred. The corresponding unit for the lifted+ is the non-expansive function
emp= %w.{{||} , ' } (i.e., p+emp= emp+p= p, for all p). We let emp = $(emp).

Lemma 4. There exists a non-expansive map/ : W $ W ! W and a map
0 : Pred $ W ! Pred that is non-expansive in its Þrst and contractive in its
second argument, satisfyingq/ r = $($" 1(q) 0 r +$" 1(r )) and p0 r = %w.p(r / w)
for all p" Pred and q, r " W .

These are recursively defined operations which exist by Banach’s 
fixpoint theorem.
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Sample Rules

Which rule(s) is(are) sound?

NESTED HOARE TRIPLES AND FRAME RULES FOR HIGHER-ORDER STORE 25

!X (!e)"! ," w = " (X )( ! !e"! )w

! false"! ," w = { ! }

! true"! ," w = Heap

!P " Q"! ," w = !P"! ," w # !Q"! ," w

!P $ Q"! ," w = !P"! ," w %!Q"! ," w

!P & Q"! ," w = { h | ' n ( #. $n(h) ( !P"! ," w implies $n(h) ( !Q"! ," w}

! ' x.P "! ," w =
!

d! Val !P"! [x:= d]," w

! ) x.P "! ," w = { h | ' n ( #. $n(h) (
"

d! Val !P"! [x:= d]," w}

!e1 = e2"! ," w = { h | h *= ! & !e1"! = !e2"! }

!e1 +, e2"! ," w = { h | h - {| ! e1"! = !e2"! |}}

! emp"! ," w = {{||} , ! }

!P . Q"! ," w = !P"! ," w . !Q"! ," w

!{ P} e{ Q} "! ," w = Ad { h ( Heap | rnk (h) > 0 & w |= rnk (h)" 1 { !P"! ," } !e"! { !Q"! ," }}

!P / Q"! ," w = ( !P"! ," / %(!Q"! ," ))w

! (µX (!x).P)(!e)"! ," w = Þx(&q, !d. !P"! [#x:= #d]," [X := q])( ! !e"! )w

Figure 8. Semantics of assertions

of triples, like { h ( Heap | w |= { !P"! ," } ! e"! { !Q"! ," }} , are heap independent but not
non-expansive. A similar approach has been taken in [6] to force non-expansiveness for
a reference type constructor for ML-style references. We discuss the ramiÞcations of this
choice in Section 5. Note also that the only atomic assertions that depend on the world w
are triples, as they are the only ones that are a! ected by invariants.

Lemma 4.11 (Well-deÞnedness). The interpretation in Figure 8 is well-deÞned:
(1) If the free relation variables of P are contained in " = X 1, . . . , X n then !P"! denotes a

non-expansive function from
#

X i ! ! Pred(Val n i ) to Pred.
(2) If P is formally contractive in X then the functional &q.!P"! ," [X := q] is a contractive

map from Pred(Val n ) to Pred.

Proof sketch. Both parts are proved simultaneously by induction on the structure of P. The
second part is used to show the well-deÞnedness of recursivespeciÞcations, using the fact
that the Þxed point operator itself is non-expansive. Details are given in Appendix B.2.

As a consequence of the interpretation of triples, the axiom{{ A} e{ B } $ A} e{ B } does
not hold; the inner triple is only approximately valid up to t he level of the rank of the
argument heap. Similarly, the following rule

{ A} e{ B } & { P} e#{ Q}
{{ A} e{ B } $ P} e#{ Q}

NESTED HOARE TRIPLES AND FRAME RULES FOR HIGHER-ORDER STORE 13

A Conseq r step using the equivalence of the Þrst axiom in Figure 2 in both directions for
the pre- and postcondition, respectively, thus gives us thetriple:

{ (c!" # I ) $ (f !" { emp} { emp} # I ) $ (Rit # I ) $ I }
ÔCit ,f,x Õ
{ (c!" 0 # I ) $ (f !" { emp} { emp} # I ) $ (Rit # I ) $ I }

which by another four applications of distribution axioms yields the required triple. Note
that the rule (RUnique) would be needed to show thatRit # I is equivalent to the recursive
assertion

µY. it !" { c!" $ f !" { I } { I } $ I $ Y } { c!" 0 $ f !" { I } { I } $ I $ Y } .

3.4. Rule for executing stored code. An important and challenging part of the design of
a program logic for higher-order store is the design of a proof rule for eval [e], the command
that executes code stored ate. Indeed, the rule should overcome two challenges directly
related to the recursive nature of higher-order store: (1) implicit recursion through the store
(i.e., LandinÕs knot), and (2) extensional speciÞcations of stored code.

These two challenges are addressed, using the expressiveness of our assertion language,
by the following rule for eval [e]:

Eval
! ; " , k %R[k] & { P $e!" R[ ]} k { Q}

! ; " %{ P $e!" R[ ]} Ôeval [e]Õ{ Q}

This rule states that in order to prove { P $ e!" R[ ]} Ôeval [e]Õ{ Q} for executing stored code
in [e] under the assumption that e points to arbitrary code k (expressed by the which is
an abbreviation for ' k.e !" R[k]), it su# ces to show that the speciÞcationR[k] implies that
k itself fulÞls triple { P $ e!" R[ ]} k { Q} .

In the above rule we do not make any assumptions about what code e actually points
to, as long as it fulÞls the speciÞcationR. It may even be updated between recursive
calls. However, for recursion through the store,R must be recursively deÞned as it needs
to maintain itself as an invariant of the code in e.

Example 3.3 (Recursion through the store with the iterator). As seen in the iterator Ex-
ample 2.2 one would like to prove

{ c!" $ f !" { emp} { emp} $ Rit } Ôeval [it ]Õ{ c!" 0 $ f !" { emp} { emp} $ Rit }

with the help of (Eval) . First we set

R ( { c!" $ f !" { emp} { emp} $ Rit } { c!" 0 $ f !" { emp} { emp} $ Rit }

such that Rit is the same asit !" R[ ]. We are now in a position to apply (Eval) obtaining
the following proof obligation

R[k] & { c!" $ f !" { emp} { emp} $ it !" R[ ]} k { c!" 0 $ f !" { emp} { emp} $ Rit }

which can be seen to be identical toR[k] & R[k] which holds trivially.

The (Eval ) rule crucially relies on the expressiveness of our assertion language, espe-
cially the presence of nested triples and recursive assertions. In our previous work, we did

such an R 
necessarily to be 

recursively 
defined!

only 2nd rule is 
sound
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Operational Semantics:
Step-indexing

27



Semantic types and 
operational semantics
type soundness with small step semantics 
usually as subject reduction (preservation & 
progress properties) for imperative lambda 
calculus credited to [Felleisen & Wright ’91] 

semantic types: interpret types as sets of 
pairs (index,value), downward closed in first 
component, give semantics of typing 
judgments and show 

semantics of typing rules sound
semantics of typing judgment implies safety.
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Step-indexing’s Origin
Motto: operational semantics with 
semantic soundness proofs

no need to formalise syntactic types and 
type environments

by [Appel & McAllester, ToPLaS 2002]

to simplify type correctness proofs for 
Proof Carrying Code

and explicitly avoid metric semantics!
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Idea of step-indexing
index is a natural number that states how many 
operational steps the given value is guaranteed to 
be of given type  (indexed judgements)

show this for all k

provides reasoning principle: induction over 
natural numbers (the index)

helpful where there is no induction over type 
structure (mutable references, higher-order store)

! ! e :k !

" ; ! ! " : " ."

V = values

W = Loc " Þn T

T = W " mon Pred(V )

T = (Loc " Þn T) " mon Pred(V )

W = Loc " Þn W " mon Pred(V )

UAdm = all uniform admissible subsets ofHeap

Lemma (UAdm, d) is a 1-bounded complete ultrametric space.

Lemma For any setA, UPred(A) is a 1-bounded complete ultrametric space.

1
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Works well...
... with (higher-order) store (store types or specs 
can be also indexed)

... with recursive types (use iteration level of 
functional as upper bound for indices)

...with binary predicates e.g. for logical relations 
[Amal Ahmed, Step-Indexed Syntactic Logical Relations, ESOP 
2006] or her thesis; Dreyer et al...

... with quantified types

... with nondeterminism and concurrency 
31



.. but

for complex nested, recursive types or 
assertions indexes are cluttered and 
things become cumbersome.
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Hybrid approach 
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Hybrid approach

Engine1

Engine 
2

CBUIt domains for  
construction of 

recursive worlds

operational 
semantics 

with semantic 
rules (step-

indexed)

www.fueleconomy.gov

step-indexing using ultrametrically
 constructed worlds
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Uniform Step-indexed 
Predicates:Uniform predicates

Uniform (Ôstep-indexedÕ) predicatesp ! N " Val

uniformity (n, v) # p $ j % n =& (j , v) # p

For suchp, q # UPred(Val) Appel & McAllester, TOPLAS, 2001 deÞne

approximation p[n] = { (j , v) # p | j < n }

distance d(p, q) = inf { 2! n | p[n] = q[n] }

Proposition

For any set A, UPred(A) # CBUlt .

Uniform predicates

Uniform (Ôstep-indexedÕ) predicatesp ! N " Val

uniformity (n, v) # p $ j % n =& (j , v) # p

For suchp, q # UPred(Val) Appel & McAllester, TOPLAS, 2001 deÞne

approximation p[n] = { (j , v) # p | j < n }

distance d(p, q) = inf { 2! n | p[n] = q[n] }

Proposition

For any set A, UPred(A) # CBUlt .

! ; " ! ! : ! .!

V = values

W = Loc " Þn T

T = W " mon Pred(V )

T = (Loc " Þn T) " mon Pred(V )

W = Loc " Þn W " mon Pred(V )

UAdm = all uniform admissible subsets ofHeap

Lemma (UAdm, d) is a 1-bounded complete ultrametric space.

Lemma For any setA, UPred(A) is a 1-bounded complete ultrametric space.

1
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Interpretation of  Sep. Logic

([e1] := e2, h) ! (skip, h[n !" [[e2]]) if [[e1]] = n andn # dom( h)
(let x = [e] in C, h) ! (C[v/x ], h) if [[e]] = n andh(n) = v

(eval [e], h) ! (C, h) if [[e]] = n andh(n) = ÔCÔ
(let x = new(e) in C, h) ! (C[n/x ], h $ [n !" [[e]]]) if n /# dom( h)

(free e, h) ! (skip, h! ) if [[e]] = n andh = h! $[n !" v]
(C1; C2, h) ! (C!

1 ; C2, h! ) if (C1, h) ! (C!
1 , h! )

(skip; C2, h) ! (C2, h)
(if (e1 = e2) then C1 else C2, h) ! (C1, h) if [[e1]] = [[ e2]]
(if (e1 = e2) then C1 else C2, h) ! (C2, h) if [[e1]] %= [[ e2]]

([e1] := e2, h) ! abort if [[e1]] = ÔCÔor [[e1]] = n wheren /# dom( h)
(let x = [e] in C, h) ! abort if [[e]] = ÔCÔor [[e]] = n wheren /# dom( h)

(eval [e], h) ! abort if [[e]] = ÔCÔor [[e]] = n wheren /# dom( h)
(eval [e], h) ! abort if [[e]] = n whereh(n) = m

(free e, h) ! abort if [[e]] = ÔCÔor [[e]] = n wheren /# dom( h)
(C1; C2, h) ! abort if (C1, h) ! abort

Figure 11. Operational semantics.

P &R
def
= ( P ' R) $ R { P } e{ Q} ' R () { P &R} e{ Q &R}

(! x.P ) ' R () ! x. (P ' R) ( ! # { * , +} , x /# fv( R))
(P , Q) ' R () (P ' R) , (Q ' R) ( , # { ) , - , . , $, /$ } )

P ' R () P (P is true, false, emp, e1 = e2, e1 !" e2, or int(e))
(P ' R) ' R! () P ' (R &R! ) P ' emp () P

Figure 13. Axioms for invariant extension.

! , x 0 { P $ e!" x} ÔCÔ{ Q}
(x /# fv( e, Q))

! 0 { +x. P $ e!" x} Ôlet x = [e] in CÔ{ Q}
(DEREF)

! 0 { e !" $ P } Ô[e] := e0Ô{ e!" e0 $ P } (UPDATE)

! , x 0 { P $ x !" e} ÔCÔ{ Q}
(x /# fv( P, e, Q))

! 0 { P } Ôlet x = new(e) in CÔ{ Q}
(NEW)

! 0 { e !" $ P } Ôfree eÔ{ P } (FREE)

! 0 { P } ÔskipÔ{ P } (SKIP)

! 0 { P } ÔC1Ô{ R} ! 0 { R} ÔC2Ô{ Q}

! 0 { P } ÔC1; C2Ô{ Q}
(SEQ)

! 0 { P - e1 = e2} ÔC1Ô{ Q} ! 0 { P - e1 %= e2} ÔC2Ô{ Q}

! 0 { P } Ôif (e1 = e2) then C1 else C2Ô{ Q}
(IF)

! 0 P ! ) P ! 0 Q ) Q!

! 0 { P } e{ Q} ) { P ! } e{ Q! }
(CONSEQ)

! 0 P
! 0 P ' Q

(! -FRAME)

! 0 { P } e{ Q} ) { P $ R} e{ Q $ R} (" -FRAME)

! , k 0 R[k] ) { P $ e!" R[ ]} k{ Q}

! 0 { P $ e!" R[ ]} Ôeval [e]Ô{ Q}
(EVAL)

Figure 12. Proof rules for Hoare triples.

We give UPred (H ) the same distance function as in Sec-
tion 2.3; the set then becomes a complete, bounded ultrametric
space. Using Theorem 2.1 we obtain a uniqueW ! CBUltne satis-

fying

W "= 1
2 (W # UPred (H )) . (59)

DeÞnePred = 1
2 (W # UPred (H )) and leti : Pred # W be

the isomorphism. We will model assertions as elements ofPred.
Let the lettersp andq range over elements ofPred. We order

the elements ofPred pointwise:

p $ q %& ' w ! W. p(w) ( q(w)

Lemma D.2. With the ordering above and the following opera-
tions,Pred is a complete BI-algebra [17]:

emp(w) = { (n, []) | n ! N}

(p ) q)(w) = { (n, h) | * h1, h2. h = h1 áh2

+ (n, h1) ! p(w) + (n, h2) ! q(w)

(p ,) q)(w) = { (n, h) | ' m $ n.

((m, h ! ) ! p(w) + h# h! ) & (m, h áh! ) ! q(w)}

The fact thatPred is a complete BI algebra immediately gives
us a sound interpretation of most of the assertions in the logic [17],
but to interpret recursive predicates we also need to know that the
operations are non-expansive:

Lemma D.3. The BI-algebra operations onPred given by the
previous lemma are non-expansive:

) , ,) , # , +, - : Pred . Pred # Pred
!

I ,
"

I : (I # Pred) # Pred.

(In the last two operations, the indexing setI is given the discrete
metric.)

Proof. Easy veriÞcation. One Þrst shows the analogous property for
UPred (H ). To illustrate what follows, consider) : UPred (H ) .
UPred (H ) # UPred (H ): It sufÞces to show that ifp n= p! and
q n= q! , then also(p ) q) n= ( p! ) q! ). The latter is equivalent to
showing that' m < n. (m, h) ! p ) q %& (m, h) ! p! ) q! ,
which follows easily by the assumption.

Pred is BI-
algebra
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Recursive Worlds

 We will write UPred for UPred(H)

([e1] := e2, h) ! (skip, h[n !" [[e2]]) if [[e1]] = n andn # dom( h)
(let x = [e] in C, h) ! (C[v/x ], h) if [[e]] = n andh(n) = v

(eval [e], h) ! (C, h) if [[e]] = n andh(n) = ÔCÔ
(let x = new(e) in C, h) ! (C[n/x ], h $ [n !" [[e]]]) if n /# dom( h)

(free e, h) ! (skip, h! ) if [[e]] = n andh = h! $[n !" v]
(C1; C2, h) ! (C!

1 ; C2, h! ) if (C1, h) ! (C!
1 , h! )

(skip; C2, h) ! (C2, h)
(if (e1 = e2) then C1 else C2, h) ! (C1, h) if [[e1]] = [[ e2]]
(if (e1 = e2) then C1 else C2, h) ! (C2, h) if [[e1]] %= [[ e2]]

([e1] := e2, h) ! abort if [[e1]] = ÔCÔor [[e1]] = n wheren /# dom( h)
(let x = [e] in C, h) ! abort if [[e]] = ÔCÔor [[e]] = n wheren /# dom( h)

(eval [e], h) ! abort if [[e]] = ÔCÔor [[e]] = n wheren /# dom( h)
(eval [e], h) ! abort if [[e]] = n whereh(n) = m

(free e, h) ! abort if [[e]] = ÔCÔor [[e]] = n wheren /# dom( h)
(C1; C2, h) ! abort if (C1, h) ! abort

Figure 11. Operational semantics.

P &R
def
= ( P ' R) $ R { P } e{ Q} ' R () { P &R} e{ Q &R}

(! x.P ) ' R () ! x. (P ' R) ( ! # { * , +} , x /# fv( R))
(P , Q) ' R () (P ' R) , (Q ' R) ( , # { ) , - , . , $, /$ } )

P ' R () P (P is true, false, emp, e1 = e2, e1 !" e2, or int(e))
(P ' R) ' R! () P ' (R &R! ) P ' emp () P

Figure 13. Axioms for invariant extension.

! , x 0 { P $ e!" x} ÔCÔ{ Q}
(x /# fv( e, Q))

! 0 { +x. P $ e!" x} Ôlet x = [e] in CÔ{ Q}
(DEREF)

! 0 { e !" $ P } Ô[e] := e0Ô{ e!" e0 $ P } (UPDATE)

! , x 0 { P $ x !" e} ÔCÔ{ Q}
(x /# fv( P, e, Q))

! 0 { P } Ôlet x = new(e) in CÔ{ Q}
(NEW)

! 0 { e !" $ P } Ôfree eÔ{ P } (FREE)

! 0 { P } ÔskipÔ{ P } (SKIP)

! 0 { P } ÔC1Ô{ R} ! 0 { R} ÔC2Ô{ Q}

! 0 { P } ÔC1; C2Ô{ Q}
(SEQ)

! 0 { P - e1 = e2} ÔC1Ô{ Q} ! 0 { P - e1 %= e2} ÔC2Ô{ Q}

! 0 { P } Ôif (e1 = e2) then C1 else C2Ô{ Q}
(IF)

! 0 P ! ) P ! 0 Q ) Q!

! 0 { P } e{ Q} ) { P ! } e{ Q! }
(CONSEQ)

! 0 P
! 0 P ' Q

(! -FRAME)

! 0 { P } e{ Q} ) { P $ R} e{ Q $ R} (" -FRAME)

! , k 0 R[k] ) { P $ e!" R[ ]} k{ Q}

! 0 { P $ e!" R[ ]} Ôeval [e]Ô{ Q}
(EVAL)

Figure 12. Proof rules for Hoare triples.

We give UPred (H ) the same distance function as in Sec-
tion 2.3; the set then becomes a complete, bounded ultrametric
space. Using Theorem 2.1 we obtain a uniqueW ! CBUltne satis-

fying

W "= 1
2 (W # UPred (H )) . (59)

DeÞnePred = 1
2 (W # UPred (H )) and leti : Pred # W be

the isomorphism. We will model assertions as elements ofPred.
Let the lettersp andq range over elements ofPred. We order

the elements ofPred pointwise:
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I ,
"
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(In the last two operations, the indexing setI is given the discrete
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We give UPred (H ) the same distance function as in Sec-
tion 2.3; the set then becomes a complete, bounded ultrametric
space. Using Theorem 2.1 we obtain a uniqueW ! CBUltne satis-
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+ (n, h1) ! p(w) + (n, h2) ! q(w)

(p ,) q)(w) = { (n, h) | ' m $ n.
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The fact thatPred is a complete BI algebra immediately gives
us a sound interpretation of most of the assertions in the logic [17],
but to interpret recursive predicates we also need to know that the
operations are non-expansive:

Lemma D.3. The BI-algebra operations onPred given by the
previous lemma are non-expansive:

) , ,) , # , +, - : Pred . Pred # Pred
!

I ,
"

I : (I # Pred) # Pred.

(In the last two operations, the indexing setI is given the discrete
metric.)

Proof. Easy veriÞcation. One Þrst shows the analogous property for
UPred (H ). To illustrate what follows, consider) : UPred (H ) .
UPred (H ) # UPred (H ): It sufÞces to show that ifp n= p! and
q n= q! , then also(p ) q) n= ( p! ) q! ). The latter is equivalent to
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which follows easily by the assumption.
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Interpretation of nested 
triples

D.3.2 Interpretation of invariant extension

To interpret invariant-extension assertionsP ! Q, we need a oper-
ator! on the set of semantic predicatesPred. The most convenient
way to specify! is to give a certain recursive equation that it must
satisfy. Using the metric-space setup we can then prove that there
exists a unique operator satisfying this speciÞcation, by an easy ap-
plication of BanachÕs Þxed point theorem, as in [44].

Proposition D.4. There exists a unique function! : Pred " W #
Pred in CBUltne satisfying

p ! w = ! w! . p(w $ w! )

where$ : W " W # W is given by

w1 $ w2 = i (( i " 1(w1) ! w2) %i " 1(w2)) .

Observe that it is here that we exploit that we have obtained a
proper solution to the world equation (59) as a metric space such
that we can now easily establish the existence of the recursively-
deÞned! -operation.

The basic properties of! and$ are conveniently summarized
as follows:

Proposition D.5. 1. (W, $, emp) is a monoid.
2. The operator! is a monoid action ofW on Pred: for all

P & Pred and w1, w2 & W we haveP ! emp = P and
(P ! w1) ! w2 = P ! (w1 $ w2).

D.3.3 Interpretation of assertions

We next deÞne a semantic interpretation of Hoare triples. To this
end we letSafem be the set of conÞgurations in the operational
semantics that are safe form reduction steps, that is, those conÞgu-
rations that do not reduce toabort in m (or fewer) steps. We write
! k for thek-step reduction relation of the operational semantics.

Now say thatw |= n (p, C, q) holds iff: For all r & UPred , all
m < n and all heapsh, if (m, h) & p(w) %i " 1(w)(emp) %r ,
then:

1. (C, h) & Safem .

2. For allk ' m and allh! & H , if (C, h) ! k (skip, h! ), then
(m ( k, h! ) & q(w) %i " 1(w)(emp) %r .

This deÞnition is similar to the one in [44] with its use of the
invariantw and the baking-in of the Þrst order frame rule, i.e., the
quantiÞcation overr . The difference is that the meaning is now
relative to the operational semantics (rather than denotational) and
that we use step indexing to measure to what extent pre- and post-
conditions should hold.

The intention is, of course, that a Hoare-triple assertion is in-
terpreted using the above semantic construct. However, to see that
this interpretation gives a well-deÞned member ofPred, we need
to know that a semantic Hoare triple is Ònon-expansive inwÓ:

Proposition D.6. If w = k w! andw |= n (p, C, q), thenw! |= n # ( k " 1)

(p, C, q).

Proof. Easy veriÞcation, using the fact that the separating conjunc-
tion %onUPred (V ) is non-expansive (Lemma D.3).

The interpretation of an assertion! ) P is now deÞned to
be an element[[P ]]! in Pred, for " an environment mapping the
variables in the domain of! to V . The deÞnition uses the complete
BI-algebra structure onPred given earlier to interpret the standard
logical connectives, e.g.,

[[P %Q]]! w = [[ P ]]! w %[[Q]]! w.

Invariant extension is interpreted as follows:

[[P ! Q]]! w =
!

[[P ]]! ! i ([[Q]]! )
"

w

and, Þnally, Hoare triples are interpreted like this:

[[{ P } e{ Q} ]]! w =#
{ (n, h) | w |= n ([[P ]]! , C, [[Q]]! ) } if [[e]]! = ÔCÔ
* otherwise.

The concrete interpretation of all the logical connectives can be
found in Figure 14. As in [44], recursively deÞned predicates are
interpreted via BanachÕs Þxed point theorem:

Proposition D.7. Let I be a set and suppose that, for eachi & I ,
Fi : Pred I # Pred is a contractive function. Then there exists a
unique#p = ( pi )i $ I & Pred I such thatFi (#p) = pi , for all i & I .

D.3.4 Soundness of proof rules

We deÞne semantic validity of (open) assertions as follows: For an
assertionP with free variables belonging to! , say that! |= P
iff: For all environments" with ! + dom(" ) and allw & W we
have[[P ]]! w = N" H . This amounts to saying that[[P ]]! is the top
element of the BI algebraPred.

Theorem D.8. If ! ) P , then! |= P .

Proof. By showing the stronger property that each proof rule holds
semantically, that is, with) replaced by|= . We only include the
proof case foreval [e] (the other interesting cases are the ones
for invariant extension; there one uses Proposition D.5). We must
show: if ! , z |= R[z] , { P %e-# R[ ]} z{ Q} , then! |= { P %
e-# R[ ]} Ôeval [e]Ô{ Q} .

Let " be an environment with! + dom(" ), and letw andn be
arbitrary. We must show that

w |= n { [[P %e-# R[ ]]]" } Ô" (eval [e])Ô{ [[Q]]" } . (60)

So letk < n andr & UPred and let(k, h) & [[P %e-# R[ ]]]" (w) %
i " 1(w)(emp) % r . Then h = h1 % [l -# v] % h2 % h3,
where(k, h1) & [[P ]]" (w) and [[e]]" = l and (k, [l -# v]) &
[[R[z]]]" [z -# v](w) and(k, h2) & i " 1(w)(emp) and(k, h3) & r .
Using validity of the premise, we get that(k, [l -# v]) & [[{ P %
e-# R[z]} z{ Q} ]]" [z -# v](w), which means thatv = ÔCÔfor
someC, and thatw |= k { [[P %e-# R[z]]]" } C{ [[Q]]" } . Now, if
k = 0 , then conditions 1 and 2 in the deÞnition of|= are clearly
satisÞed (item 2 because(" (eval [e]), h) takes a reduction step), so
(60) holds, as required. Ifk > 0 then, Þrst observe that by down-
wards closure we have(k ( 1, h) & [[P % e-# R[ ]]]" (w) %
i " 1(w)(emp) % r . Therefore,(C, h) & Safek " 1, which im-
plies that (" (eval [e]), h) & Safek , so condition 1 in deÞni-
tion of |= is satisÞed. For condition 2, we Þnally assume that
(" (eval [e]), h) ! m (skip, h! ) for someh! and m ' k. Then
(C, h) ! m " 1 (skip, h! ). Sincem ( 1 ' k ( 1, we then get
(( k ( 1) ( (m ( 1), h! ) & [[Q]]" (w) %i " 1(w)(emp) %r , as
required.

D.4 Discussion

In summary, we have developed a new step-indexed model of sep-
aration logic with nested Hoare triples for reasoning about higher-
order store. The new model is arguably simpler than the one in [44],
since it is phrased directly in terms of the operational semantics
without passing through a domain-theoretic denotational seman-
tics. A usual advantage of using domain-theory is a more abstract
semantics, but in [44], it was in necessary to employ certain Òstep-
like,Ó rank functions, so in the end the model ofloc.cit. was not
more abstract than the new one presented here.

(C,h) does not abort in 
m or fewer steps

[[false]]! w = !

[[true]]! w = N " H

[[P # Q]]! w = [[ P ]]! w $ [[Q]]! w

[[P %Q]]! w = [[ P ]]! w & [[Q]]! w

[[P ' Q]]! w = { (n, h ) | ( m ) n. (m, h ) * [[P ]]! w ' (m, h ) * [[Q]]! w

[[( x.P ]]! w =
!

v ! V [[P ]]! [x "# v ]w

[[+x.P ]]! w =
"

v ! V [[P ]]! [x "# v ]w

[[int(e)]] ! w =

#
N " H if [[e]]! = m for somem * Z
! otherwise

[[e1 = e2]]! w =

#
N " H if [[e1]]! = [[ e2]]!
! otherwise

[[e1 ) e2]]! w =

#
N " H if [[e1]]! = m1 and[[e2]]! = m2 wherem1 ) m2

! otherwise

[[e1 ,- e2]]! w =

#
{ (n, [m ,- [[e2]]! ]) | n * N} if [[e1]]! = m for somem * Z
! otherwise

[[emp]]! w = N " { [ ]}

[[P . Q]]! w = [[ P ]]! w . [[Q]]! w

[[P /. Q]]! w = [[ P ]]! w /. [[Q]]! w

[[{ P } e{ Q} ]]! w =

#
{ (n, h ) | w |= n ([[P ]]! , C, [[Q]]! ) } if [[e]]! = ÔCÔ
! otherwise

[[P 0 Q]]! w =
$

[[P ]]! 0 i ([[Q]]! )
%

w

Figure 14. Interpretation of assertions.
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[[false]]! w = !

[[true]]! w = N " H

[[P # Q]]! w = [[P ]]! w $ [[Q]]! w

[[P %Q]]! w = [[P ]]! w & [[Q]]! w

[[P ' Q]]! w = { (n, h ) | ( m ) n. (m, h ) * [[P ]]! w ' (m, h ) * [[Q]]! w

[[( x.P ]]! w =
!

v ! V [[P ]]! [x "# v ]w

[[+x.P ]]! w =
"

v ! V [[P ]]! [x "# v ]w

[[int(e)]]! w =

#
N " H if [[e]]! = m for somem * Z
! otherwise

[[e1 = e2 ]]! w =

#
N " H if [[e1 ]]! = [[e2 ]]!
! otherwise

[[e1 ) e2 ]]! w =

#
N " H if [[e1 ]]! = m1 and[[e2 ]]! = m2 wherem1 ) m2

! otherwise

[[e1 ,- e2 ]]! w =

#
{ (n, [m ,- [[e2 ]]! ]) | n * N} if [[e1 ]]! = m for somem * Z
! otherwise

[[emp]]! w = N " { [ ]}

[[P . Q]]! w = [[P ]]! w . [[Q]]! w

[[P /. Q]]! w = [[P ]]! w /. [[Q]]! w

[[{ P } e{ Q} ]]! w =

#
{ (n, h ) | w |=n ([[P ]]! , C, [[Q]]! ) } if [[e]]! = ‘C ‘

! otherwise

[[P 0 Q]]! w =
$
[[P ]]! 0 i ([[Q]]! )

%
w

Figure 14. Interpretation of assertions.
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Why this is the “hybrid” model 
of interest?

this works as expected whereas

the ultrametric domain theoretic model [Birkedal, 
Reus et al. LMCS 2011] needs to use ranks to make 
Hoare triple specifications non-expansive. This 
“contaminates” the semantics of the logic (strange 
implications hold and one does not get a BI algebra).

NESTED HOARE TRIPLES AND FRAME RULES FOR HIGHER-ORDER STORE 25

!X (!e)"! ," w = " (X )( !!e"! )w

! false"! ," w = { ! }

! true"! ," w = Heap

!P " Q"! ," w = !P"! ," w # !Q"! ," w

!P $ Q"! ," w = !P"! ," w %!Q"! ," w

!P & Q"! ," w = { h | ' n ( #. $n(h) ( !P"! ," w implies $n(h) ( !Q"! ," w}

! ' x.P "! ," w =
!

d! Val !P"! [x:= d]," w

! ) x.P "! ," w = { h | ' n ( #. $n(h) (
"

d! Val !P"! [x:= d]," w}

!e1 = e2"! ," w = { h | h *= ! & !e1"! = !e2"! }

!e1 +, e2"! ," w = { h | h - {| !e1"! = !e2"! |}}

!emp"! ," w = {{||} , ! }

!P . Q"! ," w = !P"! ," w . !Q"! ," w

!{ P} e{ Q}"! ," w = Ad { h ( Heap | rnk (h) > 0 & w |= rnk (h)" 1 { !P"! ," } !e"! { !Q"! ," }}

!P / Q"! ," w = ( !P"! ," / %(!Q"! ," ))w

! (µX (!x).P)(!e)"! ," w = Þx(&q, !d. !P"! [#x:= #d]," [X := q])( !!e"! )w

Figure 8. Semantics of assertions

As a consequence of the interpretation of triples, the axiom{{ A} e{ B } $ A} e{ B } does
not hold; the inner triple is only approximately valid up to the level of the rank of the
argument heap. Similarly, the following rule

{ A} e{ B } & { P} e#{ Q}
{{ A} e{ B } $ P} e#{ Q}

is not validated by our semantics (the opposite direction actually holds; see Section 5).
Axioms and rules like these are used, e.g., by Honda et al. [12], in proofs for recursion
through the store; instead we use (Eval ).

4.6. Soundness of the axioms and proof rules. We prove soundness of the axioms
and proof rules listed in Sections 2 and 3. We start by deÞning a notion of validity for
judgements and rules with respect to which the soundness will be shown.

DeÞnition 17 (Validity of judgements) . A judgement ! ; " 0 { P} ÔCÕ{ Q} is valid if, and
only if, for all ' ( Env such that dom(' ) 1 " and for all " (

#
X i ! ! Pred(Val n i ) such that

ni is the arity of X i we have |= { !P"! ," } !C"! { !Q"! ," } . A rule J1
J2

is then called sound
if validity of judgement J1 implies the validity of judgement J2. Similarly, an axiom J is
called sound if judgement J is valid.

Below we prove the most interesting rules of our logic sound. Where proofs are para-
metric in the assertions we will directly work with semantic Hoare triples.

Let us Þrst consider the distribution axioms for 2 / R given in Figure 2.
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“Applications”
soundness of  ML type system [Birkedal et al]

storable locks [Buisse, Birkedal]

antiframe rule [Schwinghammer et al. ]

Coq formalisations [Varming et al.]

internal version in the topos of trees [Birkedal, 
Møgelberg et al.]

built a prover implementing the rules (proved sound): 

www.sussex.ac.uk/informatics/crowfoot
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Thank you!
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