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Background

e Intuitionistic set theory (with powersets)

e PAL = Prime-Algebraic Lattices
+ Scott-continuous functions

e Products [];c;L;; Exponentials |[L — M|
e X=(P1,C) 0,1€ZX, and possibly more elements

e Scott-continuous s: X — X
IS determined by s0 and s1



Equilogical Spaces: Definition

e EQU: X =(Lx,~x) where Ly isin PAL
and ‘~x’ is a PER on the points of Ly

e Notation: |X| = {a€Lx|a~xa}

e f:X—=Y INEQUis
f Ly — Ly Scott-continuous
with a ~x b = fa~y fb

e f.g:X—Y areequalin EQU
if a e |X| = fa~yga

e PAL —EQU by L+~ (L,=)



Equilogical Spaces: Properties

Well-pointed

Products [Lics Xi
Exponentials Y — Z]
Equalizers

For p: X — X

Open subspace O(p) ={a < |X||pa=1}
Closed subspace C(p) ={a < |X||pa=0}
(

Without EM, neither O(p) UC(p) = |X|
nor C(p)UC(g) =C(pAg) can be shown



Basic Idea for EQU2

e EQU: PER on points, forward morphisms, CCC,
but open and closed subspaces not complementary

e LOC: Locales defined via opens
o Morphisms in opposite direction — hard to embed in CCC
(ELOC uses PERs on generalized points and forward maps)
» Open and closed sublocales are complementary
thanks to additional structure (A and V) on opens

e EQU2: PER on opens of opens (double dual)
o Forward morphisms — CCC
o Open and closed subspaces are complementary
thanks to additional structure



Double Dual
L f: L — M
e InPAL: QL L — X Qf: QL «+— QM
Q’L = [QL—Y] Q%f: QL — QO’M

o nL:L%QzL NLau = ua szOnL:ﬂMOf

o X :Q%LxQ*M — Q*(LxM)
where AXB = Aw@LxM) A (hal. B(AWM . w(a,b)))
o We also need the “range” p: Q’L — [Z — Y]

where pA = Ab*. A(KD)
Forallu:QL, pAO < Au < pAl



Restriction of Double Dual

e Problem: X, Q?m; and Q?n, are not well related

Hence CCC cannot be shown
if PERs on entire Q2L are used

e Solution:
Restrict to subset L® C Q%L of “fuzzy points”
o More than points,
with additional structure for O(p) and C(p)
o Still similar to points — CCC can be shown



Fuzzy Points

e A:QL—Y isintheimage of ny:L < Q%L
Iff A preserves finite meets and finite (hence all) joins

iff A preserves empty meet, empty join,
binary meet, binary join

o L°C QL
Those A that preserve binary meet and binary join
A(unv) = AunAv  A(uVv) = AuVAvy

e Points are fuzzy points: 1y :L < L°* C Q%L

e Allconstant K: QL — Y arein L®



Fuzzy Points — Operations

o Forf:L—oM, Qf:0Q%L— QM
restrictsto /®:L°* — M*®

o X :Q7LxQ’M — Q2(Lx M) restricts to
(—, =) :L*xM®*— (LxM)®

e If pAj =pA,y, then TCl-.(Al,Az). = A;
e For Ce(LxM)®, (nIC, niC)‘ = C
e Not closed under A and Vv

o Ifs:X—XYXand AcL®*C|L— %], then soAcL®



EQU2: Objects

)

) Foralls: X —%. Ax~B = soA=xsoB
3) For allconstant K € L®*.: K=~K

)

For all jointly monic M C |¥ — X
(i.,e. (VmeM.ma=mb) = a=Db):
(VmeM.moA~moB) = A~B

e Notation: |[(L,~)| = {a€L|na~na}
(L,=)|®* ={AclL® | A=A}
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EQU2: Morphisms

o Let X = (Lx,zx) and Y = (Ly,%y).

A morphism f: X —Y
IS a continuous function f:Ly — Ly
such that A =~y A’ = °A ~y f°A’.

e f.g:X —Y areequalin EQU2
if Aec|X|® = fPA~y g°A

e Global points x:1 — X
correspond to elements of |X|,
but equality is based on |X|°®
— cannot show that EQU2 is well-pointed
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EQU2: Cartesian Closed Category

[Ticr(Lis~i) = (ITierLi,~) where A=A’
iff pA=pA" andforalliini, n?A ~;ntA’

For inhabited 7, the condition pA = pA’ is redundant

Forempty I: 1= (1,~) where

A=A iff pA=pA’ iff A=A

Exponential [Y — Z|: Lyy_ 7 = [Ly — Lz]

For H,H’eL[‘Y%Z], H =~y H' iff

(pH=pH' and B~y B = @°(H,B)® ~; @*(H',B’)®)
where @ : [LY — Lz] X Ly — Ly
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Embedding of PAL into EQU2
o [ — (L, :L‘)
e Full subcategory

e Embedding preserves products and exponentials
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Subspaces

e Subspace S of X =(L,~) is S C |X|* such that
(1) AeS & A~B = BeS

Forall s: X —Y AcS = soAcS

(2)

(3) Forall constant K € L®*, K&cS

(4) For all jointly monic M C [ — X,
(VmeM.moAeS) = AcS

e Every subspace § of X induces X|¢ = (L,~y)
where A~¢B iff A~B and A< S (and B <)
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Meets and Joins of Subspaces of X

Least subspace 0 is set of constant functions
Greatest subspace of X is |X|*
Inhabited meet: A, S;i = Nier Si

Inhabited join: Vi Si = M (U;es Si)
where M is a closure operator for property (4)

Subspaces form a frame
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Equalizers

e For flLg: X —>Y:
e E(f,g) = {Ac|X|*| f°A =~y g®A} is subspace of X
. X\E(ﬁg) IS an equalizer of f and g

e Specialcase Y =%
e ~y IS equality in X°
o A =yeo g®A iff Af =y Ag

e Open and closed subspaces: For p: X — X
e O(p) = E(p,K1) = {Ac|X|*|Ap=A(K]);
« C(p) = E(p,KO) = {A€[X[*|Ap =A(KO);
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Properties of Open and Closed Subspaces

C(K1) = 0
C(pAg) = C(p)VC(q)
C(k0) = [x|°

( :
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Proof of O(p)NC(p) = 0

O(p) = {AelX|*|Ap = A(KI)}
C(p) ={A€|X|*|Ap =A(KO)}

O(p)NC(p) 2 0 is clear.

For ‘C’, let Ac O(p)NC(p).

Then Ap = A(K0O) and Ap = A(K1).

Hence A(K0) = A(K1),
so A is constant and thus in 0.
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Proof of O(p)vC(p) = |X|°

O(p)vC(p) C |X|®* isclear. For ‘27, let A € |X|°.
Let sg,s1: X — 2%, spa =aVAp, sija=alNAp
Recall C(p) = {B€ |X|*|Bp = B(K0)}.

(sp0A) (KO) = 59(A(K0)) = A(KO)VAp = Ap
(s00A)p = so(Ap) =ApVAp =Ap
Hence spoA € C(p) € O(p)VC(p).

In a similar way, s;oA € O(p) C O(p)VC(p).

{s0,s1} Is jointly monic since in every distributive lattice
avVc=bVc & aNc=bANc = a =b.

Property (4) gives A € O(p) VC(p).
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Conclusion

Definition of EQU2, a variant of EQU

+ EQU2is a CCC (like EQU)

In EQUZ2, open and closed subspaces
are complementary even without Excluded Middle
(not true for EQU)

EQU2 is more complicated than EQU

EQU2 is not necessarily well-pointed (but EQU is)

With Excluded Middle,
EQU2 and EQU are isomorphic categories
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